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Existing Work

Class Popular Examples Performance Portability Productivity

Scheduling TVM, Halide, Fireiron ✔
often require  

re-design/extension  
for new architectures

incorporate user into 
optimization process

Polyhedral TC, PPCG, Pluto struggle with reductions  
(e.g., dot in MatMul)

transformations  
chosen toward particular 
architectures and data 

characteristics 
✔

Functional Lift ✔
transformations  

designed toward particular 
architectures and data 

characteristics 

often incorporate user  
into optimization process

Domain-Specific cuBLAS, oneMKL ✔
hand-optimized toward 

particular architecture and 
data characteristics 

(✔)

Higher-Level
Futhark, Dex, ATL,  

Yang et al.[POPL’21], … We consider these approaches as greatly combinable with our approach 👍  (as frontends)

Array programming is at the heart of popular, existing approaches:
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The existing approaches struggle with achieving simultaneously  
Performance & Portability & Productivity 



Why is simultaneously achieving Performance & Portability & Productivity challenging:  
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Performance Portability Produc1vity

- hardware-specific code 
generation & optimization: 
exploiting core & memory 
hierarchy 

- data-specific code 
generation & optimization:  
respecting data layouts 
and sizes 

- …

- flexible in hardware/data-
specific optimizations 
(performance portability)  

- easily extensible toward 
new target architectures 
(functional portability) 

- … 

- freeing programmer from 
hardware and optimization 
details 

- supporting wide range of 
target computations 
(expressivity) 

- … 

Achieving simultaneously  
Performance & Portability & Productivity  

poses challenging, often even contradicting, requirements  

… …

Existing Work



Goal of this Work

HL 
REP

LL 
REP

Linear  
Algebra

StencilsData 
Mining

Quantum 
Chemistry

…

User Defined

Automatized 
(via Auto-Tuning)

Straightforward

OpenMP

CUDA

OpenCL

…

Contribution (1) Contribution (2)

Contribution (3)

Achieving Performance & Portability & Productivity in one approach, based on three major contributions: 

1. High-Level Functional Representation that is formally defined, and that expresses data-parallel 
computations on a high-level of abstraction while still capturing all information relevant for generating 
high performing code


2. Low-Level Functional Representation that enables formally expressing and reasoning about 
optimizations for the memory and core hierarchies of state-of-the-art architectures, and that can be 
straightforwardly transformed to executable program code (e.g., in OpenMP, CUDA, OpenCL, …)


3. Lowering Process that fully automatically lowers our high-level representation to an hardware/data-
optimized instance of our low-level representation, in a formally sound and automatically optimizable 
(auto-tunable) manner
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Agenda

1. Contribution 1: High-Level Representation


2. Contribution 2: Low-Level Representation


3. Contribution 3: Lowering: High-Level Representation → Low-Level Representation


4. Experimental Results (Performance & Portability & Productivity)


5. Conclusion


6. Future Work
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High-Level Representation
Goals:

1. Uniform:  
should be able to express any kind of data-parallel computation, without relying 
on computation-specific building blocks, extensions, etc.


2. Minimalistic:  
should rely on less building blocks to keep language small and simple


3. Structured:  
avoiding compositions and nestings of building blocks as much as possible, 
thereby further contributing to usability and simplicity of our language 
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High-Level Representation of MatVec

<latexit sha1_base64="V+ouOnk9c+5GsvhGXvgvOvayikM="></latexit>

MatVec<T∈TYPE � I,K∈N> ∶= out view<T>( w:(i,k)�(i) ) ○
md hom<I,K>( *, (++,+) ) ○

inp view<T,T>( M:(i,k)�(i,k) , v:(i,k)�(k) )



1. applying the same function f to each point in a multi-dimensional grid of data 

2. combining the obtained results in the grid's different dimensions using combine operators

<latexit sha1_base64="zYLgGS0gEoaeCLGC2I9tpgLjvyY="></latexit>

MatVec7! <latexit sha1_base64="2WSNFDxaM3R8gUHqkOw7KOpGGzU="></latexit>=
<latexit sha1_base64="XzLW6R62hTJj+iiBEzjxrwv9P14="></latexit>,

<latexit sha1_base64="2WSNFDxaM3R8gUHqkOw7KOpGGzU="></latexit>=

<latexit sha1_base64="5FlUMSXY6JY53HRdQqBsfl7uebU="></latexit>0

B@
M1,1 . . . M1,K
...

. . .
...

MI,1 . . . MI,K

1

CA

<latexit sha1_base64="heEZ8eD4lc0534olIhuH+z9fLvo="></latexit>0

B@
v1
...
vK

1

CA

<latexit sha1_base64="MkLeT6jjph8v5LUDfSZ//dAi/fk="></latexit>

f(M1,1, v1) . . . f(M1,K , vK)
...

. . .
...

f(MI,1, v1) . . . f(MI,K , vK)

<latexit sha1_base64="HWlgEDIK3fR0Jadz57qCX6RYiDw="></latexit>0

B@
M1,1 ⇤ v1 + . . .+M1,K ⇤ vK

...
MI,1 ⇤ v1 + . . .+MI,K ⇤ vK

1

CA

<latexit sha1_base64="YOUBwW+5skb2972+Japqkt1QhDA="></latexit>0

B@
w1
...
wI

1

CA
<latexit sha1_base64="jz9x21YfyjEBeEZywQkUyEORjrA="></latexit>�1

<latexit sha1_base64="VzxQzAKQ2IKl7FQ0NGjJy3HMbLE="></latexit>�2
<latexit sha1_base64="HWlgEDIK3fR0Jadz57qCX6RYiDw="></latexit>0

B@
M1,1 ⇤ v1 + . . .+M1,K ⇤ vK

...
MI,1 ⇤ v1 + . . .+MI,K ⇤ vK

1

CA

<latexit sha1_base64="wjLilXdGhoLj6TMJ+vLosRoBvao="></latexit>0

B@
v1
...
vN

1

CA

<latexit sha1_base64="BHB74EzmaiysggQpQnNvweQbv1U="></latexit>

f(v1, v2, v3)
f(v2, v3, v4)

...

<latexit sha1_base64="2WSNFDxaM3R8gUHqkOw7KOpGGzU="></latexit>= <latexit sha1_base64="2WSNFDxaM3R8gUHqkOw7KOpGGzU="></latexit>=

<latexit sha1_base64="RpdxNdxE9HG2WIK03gnUgGKopvg="></latexit>0

B@
w1
...

wN�2

1

CA
<latexit sha1_base64="hkR6tBHWUXjNJtQrkEDyhz32ooM="></latexit>

Jacobi1D�
<latexit sha1_base64="3sj8+T6w0kz0DVXr81XIR2zkBFY="></latexit>0

B@
c ⇤ (v1 + v2 + v3)
c ⇤ (v2 + v3 + v4)

...

1

CA
<latexit sha1_base64="jz9x21YfyjEBeEZywQkUyEORjrA="></latexit>�1

Data-parallel computations: how are they characterized?

Matrix-Vector Multiplication:

Jacobi 1D:
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High-Level Representation Quick Reminder



High-Level Representation
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…
…
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1

md_hom
2

out_view
3

Domain-Specific  
Data Representation

Domain-Specific  
Data Representation

MDH-Internal  
Data Representation

……

Matrix
Vector

Scalar …

Matrix
Vector

Scalar ……

Matrix
Vector

Scalar …

Matrix
Vector

Scalar
MDA MDA

inp_view
1

md_hom
2

out_view
3

Domain-Specific  
Data Representation

Domain-Specific  
Data Representation

Internal  
Data Representation

Our high-level representation expresses data-parallel computations 
— agnostic from hardware and optimization details — 

using exactly three higher-order functions only

transforms 

domain-specific data representation  

to internal representation 

transforms  
internal data representation to  
domain-specific representation 

computes 
data parallel computation
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Overview:



High-Level Representation

What is happening here: 

9
1We can generate such MDH expressions also automatically from straightforward (annotated) C code [IMPACT’19]

• inp_view captures the accesses to input data


• md_hom expresses the data-parallel computation


• out_view captures the accesses to output data

Example: MatVec expressed in MDH’s High-Level Representation1

High-Level Representation of MatVec

<latexit sha1_base64="V+ouOnk9c+5GsvhGXvgvOvayikM="></latexit>

MatVec<T∈TYPE � I,K∈N> ∶= out view<T>( w:(i,k)�(i) ) ○
md hom<I,K>( *, (++,+) ) ○

inp view<T,T>( M:(i,k)�(i,k) , v:(i,k)�(k) )



High-Level Representationmd hom f �1 �2 �3 �4
Dot * + � � �
MatVec * ++ + � �
MatMul * ++ ++ + �
MatMulT * ++ ++ + �
bMatMul * ++ ++ ++ +

Views

inp view out view

A B C

Dot (k) � (k) (k) � (k) (k) � ()

MatVec (i,k) � (i,k) (i,k) � (k) (i,k) � (i)

MatMul (i,j,k) � (i,k) (i,j,k) � (k,j) (i,j,k) � (i,j)

MatMulT (i,j,k) � (k,i) (i,j,k) � (j,k) (i,j,k) � (j,i)

bMatMul (b,i,j,k) � (b,i,k) (b,i,j,k) � (b,k,j) (b,i,j,k) � (b,i,j)

1) Linear Algebra Routines

md hom f �1 �2 �3 �4 �5 �6 �7 �8 �9 �10
Conv2D * ++ ++ + + � � � � � �
MCC * ++ ++ ++ ++ + + + � � �
MCC Capsule * ++ ++ ++ ++ + + + ++ ++ +

Views

inp view out view

I F O

Conv2D (p,q,r,s) � (p+r,q+s) (p,q,r,s) � (r,s) (p,q,r,s) � (p,q)

MCC (n,p,...) � (n,p+r,q+s,c) (n,p,...) � (k,r,s,c) (n,p,...) � (n,p,q,k)

MCC Capsule (n,p,...) � (n,p+r,q+s,c,cm,ck) (n,p,...) � (k,r,s,c,ck,cn) (n,p,...) � (n,p,q,k,cm,cn)

2) Convolution Stencils

md hom f �1 �2
Jacobi1D J1D ++ �
Jacobi2D J2D ++ ++

Views

inp view out view

I O

Jacobi1D (i) � (i+0) , (i) � (i+1) , (i) � (i+2) (i) � (i)

Jacobi2D (i,j) � (i,j+1) , (i,j) � (i+1,j) , ... (i,j) � (i,j)

3) Jacobi Stencils

md hom f �1 �2
PRL wght ++ maxPRL

Views

inp view out view

N E M

PRL (i,j) � (i) (i,j) � (j) (i,j) � (i)

4) Probabilistic Record Linkage

md hom f �1 �2
Histo fHisto ++ +

Views

inp view out view

Bins Elems Out

Histo (b,e) � (b) (b,e) � (e) (b,e) � (b)

5) Histogram

md hom f �1
map(f) f ++

reduce(⊕) id ⊕
reduce(⊕,⊗) (x) � (x,x) (⊕,⊗)

Views

inp view out view

I O1 O2

map(f) (i) � (i) (i) � (i) �
reduce(⊕) (i) � (i) (i) � () �
reduce(⊕,⊗) (i) � (i) (i) � () (i) � ()

6) Map/Reduce Patterns

md hom f �1
scan(⊕) id ++prefix-sum(⊕)

Views

inp view out view

I O

scan(⊕) (i) � (i) (i) � (i)

7) Scan Pattern

md hom f �1 �2
MBBS id ++prefix-sum(+) +

Views

inp view out view

A Out

MBBS (i,j) � (i,j) (i) � (i)

8) Maximum Bottom Box Sum
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Our high-level representation is capable of expressing  
the various kinds of data-parallel computations  

which often differ in major characteristics 
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Summary: High-Level Representation
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• Uniform: for all the different kinds of data-parallel computations, by exploiting the common algebraic 
properties of data-parallel computations (rather than relying on domain-specific building blocks)


• Minimalistic: by relying on exactly three higher-order functions only


• Structured: 


• inp_view prepares the input data 


• md_hom computes data-parallel computation 


• out_view prepares the output data


• Full formal foundation 
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De�nition 5 (Bu�er). Let T ∈ TYPE be an arbitrary scalar type, D ∈ N0 a natural number9, and
N ∶= (N1 , . . . , ND) ∈ ND a sequence of natural numbers.
A Bu�er (BUF) b that has dimensionality D, size N , and scalar type T is a function with the

following signature:
b ∶ [0,N1)N0 × . . . × [0,ND)N0 → T ∪ {�}

Here, � denotes the unde�ned value. We refer to [0,N1)N0 × . . .× [0,ND)N0 → T ∪{�} as the type of
BUF b, which we also denote asT N1×...×ND , and we refer to set BUF-IDX-SETs ∶= { [0,N )N0 �N ∈ N}
as BUF index sets. Analogously to Notation 1, we write b[ i1, . . . , iD ] instead of b(i1, . . . , iD) to avoid
a too heavy usage of parentheses.

In contrast to MDAs, a BUF always operates on a contiguous range of natural numbers starting
from 0, and a BUFmay contain unde�ned values. These two di�erences allow us to straightforwardly
transform BUFs to data structures provided by programming languages (e.g., C arrays as used
in OpenMP, CUDA, and OpenCL). Note that in our generated program code (discussed later in
Section 3), we implement MDAs as a straightforward abstraction, on top of BUFs, so that we do not
need to transform MDAs to languages’ data structures and/or store them otherwise physically in
memory.

De�nition 6 (Index Function). Let D ∈ N be a natural number (representing an MDA’s dimension-
ality) and Db ∈ N0 (representing a BUF’s dimensionality).
An index function idx from D-dimensional MDA indices to Db -dimensional BUF indices is any

meta-function of type

idx<I
MDA
1 , ..., I MDAD ∈MDA-IDX-SETs

D> ∶ I MDA1 × . . . × I MDAD → I BUF1 × . . . × I BUFDb

for (I BUF1 , . . . , I
BUF
Db
) ∶=⇒MDA

BUF(I MDA1 , . . . , I
MDA
D )where⇒MDA

BUF ∶ MDA-IDX-SETsD → BUF-IDX-SETsDb is an
arbitrary but �xed function that maps D-many MDA index sets to Db -many BUF index sets. We
denote the type of index functions as MDA-IDX-to-BUF-IDX<D,Db � ⇒MDA

BUF>.
In words: Index functions have to be capable of operating on any potential MDA index sets. This

will be required later for using index functions also on parts of MDAs whose index sets are subsets
of the original MDA’s index sets.

We will use index functions to access BUFs. For example, in case of MatVec (Figure 1), we access
its input matrix using index function (i,k)� (i,k) which is of type

MDA-IDX-to-BUF-IDX<D ∶=2,Db ∶=2 � ⇒MDA
BUF(I

MDA
1 , I MDA2 ) ∶= [0,max(I MDA1 )]N0,[0,max(I MDA2 )]N0>

and we use index function (i,k)� (k) to access MatVec’s input vector, which is of type

MDA-IDX-to-BUF-IDX<D ∶=2,Db ∶=1 � ⇒MDA
BUF(I

MDA
1 , I MDA2 ) ∶= [0,max(I MDA2 )]N0>

Further examples of index function, e.g., for stencil computation Jacobi1D, are presented in the
Appendix, Section B.6, for the interested reader.

Input Views. An input view is any function that computes an MDA from a collection of user-
de�ned BUFs. For example, in case of MatVec, its input view takes as input two BUFs – a matrix
and a vector – and it yields a two-dimensional MDA containing pairs of elements taken from the
matrix and vector (illustrated in Figure 1). In contrast, the input view of Jacobi1D takes as input a
single vector only, and it computes an MDA containing triples of vector elements (Figure 2).

9 We use the case D = 0 to represent scalar values, as we discuss later.
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denote the type of index functions as MDA-IDX-to-BUF-IDX<D,Db � ⇒MDA

BUF>.
In words: Index functions have to be capable of operating on any potential MDA index sets. This

will be required later for using index functions also on parts of MDAs whose index sets are subsets
of the original MDA’s index sets.

We will use index functions to access BUFs. For example, in case of MatVec (Figure 1), we access
its input matrix using index function (i,k)� (i,k) which is of type

MDA-IDX-to-BUF-IDX<D ∶=2,Db ∶=2 � ⇒MDA
BUF(I

MDA
1 , I MDA2 ) ∶= [0,max(I MDA1 )]N0,[0,max(I MDA2 )]N0>

and we use index function (i,k)� (k) to access MatVec’s input vector, which is of type

MDA-IDX-to-BUF-IDX<D ∶=2,Db ∶=1 � ⇒MDA
BUF(I

MDA
1 , I MDA2 ) ∶= [0,max(I MDA2 )]N0>

Further examples of index function, e.g., for stencil computation Jacobi1D, are presented in the
Appendix, Section B.6, for the interested reader.

Input Views. An input view is any function that computes an MDA from a collection of user-
de�ned BUFs. For example, in case of MatVec, its input view takes as input two BUFs – a matrix
and a vector – and it yields a two-dimensional MDA containing pairs of elements taken from the
matrix and vector (illustrated in Figure 1). In contrast, the input view of Jacobi1D takes as input a
single vector only, and it computes an MDA containing triples of vector elements (Figure 2).

9 We use the case D = 0 to represent scalar values, as we discuss later.
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Fig. 7. MDA examples

In order to de�ne Multi-Dimensional Homomorphisms (MDHs), we �rst need to introduce
Multi-Dimensional Arrays (MDAs), the data type on which MDHs uniformly operate, and combine
operators. Both are central building blocks in the de�nition of MDHs.

Multi-Dimensional Arrays
De�nition 1 (Multi-Dimensional Array). Let MDA-IDX-SETs ∶= {I ⊂ N0 � �I � < ∞} be the set of
all �nite subsets of natural numbers, to which we also refer as set of MDA index sets. Let further
T ∈ TYPE be an arbitrary scalar type, D ∈ N a natural number, I ∶= (I1 , . . . , ID) ∈ MDA-IDX-SETsD a
sequence of D-many MDA index sets, and N ∶= (N1 , . . . , ND) ∶= (�I1� , . . . , �ID �) the sequence of
index sets’ sizes.
A Multi-Dimensional Array (MDA) a that has dimensionality D, size N , index sets I , and scalar

type T is a function with the following signature:

a ∶ I1 × . . . × ID → T

We refer to I1 × . . . × ID → T as the type of MDA a.

Notation 1. For better readability, we denote MDAs’ types and accesses to them using a notation
close to programming. We often write:
● a ∈ T [ I1 , . . . , ID ] instead of a ∶ I1 × . . . × ID → T to denote the type of MDA a;
● a ∈ T [N1 , . . . , ND ] instead of a ∶ [0,N1)N0 ×�× [0,ND)N0 → T ; 6

● a[ i1 , . . . , iD ] instead of a(i1 , . . . , iD) to access MDA a at position (i1 , . . . , iD).

Figure 7 illustrates six example MDAs. On the left side, MDA a is shown, which has type
a ∶ I1 × I2 → T , for I1 = {0, 1}, I2 = {0, 1, 2, 3}, and T = Z (integer numbers). On the right side,
�ve MDAs are shown, named a(1,1), a(1,2), a(2,1), a(2,2), a(2,3). The MDAs a(1,1) and a(1,2) are of
types a(1,1) ∶ I (1,1)1 × I (1,1)2 → T and a(1,2) ∶ I (1,2)1 × I (1,2)2 → T , for I (1,1)1 = {0} and I (1,2)1 = {1},
and coinciding second dimensions I (1,1)2 = I (1,2)2 = {0, 1, 2, 3}. The MDAs a(2,1), a(2,2), and a(2,3)

are of types a(2,1) ∶ I (2,1)1 × I (2,1)2 → T , a(2,2) ∶ I (2,2)1 × I (2,2)2 → T , and a(2,3) ∶ I (2,3)1 × I (2,3)2 → T ,
and they coincide in the �rst dimension I (2,1)1 = I (2,2)1 = I (2,3)1 = {0, 1}; their second dimensions
are I (2,1)2 = {0, 1}, I (2,2)2 = {2}, and I (2,2)2 = {3}. Note that MDAs a(1,1),a(1,2),a(2,1),a(2,2),a(2,3)
represent parts (a.k.a. tiles in programming) of MDA a. We formally de�ne and use partitionings of
MDAs in Section 3.
6 We denote by [L, U )N0 ∶= { n ∈ N0 � L ≤ n < U } the half-open interval of natural numbers between L (incl.) and U
(excl.).
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I1 ∶= {0, 1}, as required for combining the MDAs in the second dimension. The varying index sets
of the four MDAs are denoted as P and Q in the �gure, which are in case of the concatenation
example, index sets in the �rst dimension of MDAs a(1,1) and a(1,2); in case of the point-wise
addition example, the varying index sets of MDAs a(2,1) and a(2,2) are the second dimensions. In
the following, we assume w.l.o.g. for MDAs we aim to combine that their varying index sets P and
Q are disjoint. Our assumption is legal because we will use combine operators for parts of the same
MDA, causing the index sets of the parts to be disjoint – in case of the concatenation example in
Figure 8, the parts are the �rst and second row of MDA a in Figure 7, and in case of the point-wise
addition example, the parts are the third and fourth column of a.

We de�ne combine operators based on index set functions (also introduced formally soon). Index
set functions precisely describe, on the type level, the index set of the combined output MDA
and thus how an MDA’s index set evolves during combination. For this, an index set function
takes as input the input MDA’s index set in the dimension to combine, and the function yields as
its output the index set of the output MDA which is combined in this dimension. In case of the
concatenation example in Figure 8, the index set function is identity id and thus trivial. However,
in case of point-wise addition, the corresponding index set function is constant function 0f , which
maps any index set to the singleton index set {0} which contains element 0 only. This is because
when combining via point-wise addition, the MDA shrinks in the combined dimension to only
one element which we aim to uniformly access via MDA index 0. In Figure 8, we denote MDAs
a(1,1), a(1,2), a(2,2), a(2,3), after applying the corresponding index set function as a(1,1)↓�1

, a(1,2)↓�1
, a(2,2)→�2

,
a
(2,3)
→�2

; the combined MDAs are denoted as a(1) and a(2) in the �gure. The concatenation operator is
denoted in the �gure generically as �1, and point-wise addition is denoted as �2, correspondingly.

We now de�ne combine operators formally, and we illustrate this formal de�nition afterwards
using the example operators concatenation and point-wise combination. Details on some technical
design decisions of combine operators are outlined in the Appendix, Section B.1, for the interested
reader.

De�nition 2 (CombineOperator). Let MDA-IDX-SETs ⋅×MDA-IDX-SETs ∶= { (P ,Q) ∈ MDA-IDX-SETs
×MDA-IDX-SETs � P ∩Q = �} denote the set of all pairs of MDA index sets that are disjoint. Let
further⇒MDA

MDA ∶ MDA-IDX-SETs→ MDA-IDX-SETs be a function on MDA index sets,T ∈ TYPE a scalar
type, D ∈ N an MDA dimensionality, and d ∈ [1,D]N an MDA dimension.

We refer to any binary function � of type (parameters in angle brackets are type parameters)

�<(I1, ..., Id−1, Id+1, ..., ID)∈MDA-IDX-SETs
D−1 , (P,Q)∈MDA-IDX-SETs ⋅× MDA-IDX-SETs> ∶

T [ I1 , . . . , ⇒MDA
MDA(P)
������������������������������

↑
d

, . . . , ID ] × T [ I1 , . . . , ⇒MDA
MDA(Q)
��������������������������������

↑
d

, . . . , ID ]
→ T [ I1 , . . . , ⇒MDA

MDA(P �Q)
�������������������������������������������������������������

↑
d

, . . . , ID ]

as combine operator that has index set function⇒MDA
MDA, scalar type T , dimensionality D, and operating

dimension d . We denote combine operator’s type concisely as CO<⇒
MDA
MDA �T �D �d>.

Since function �’s ordinary function type T [. . . ] ×T [. . . ] → T [. . . ] is generic in parameters
(I1, . . . , Id−1, Id+1, . . . , ID) and (P ,Q) (these two type parameters are denoted in angle brackets in
De�nition 2), we refer to function � as meta-function, to the type parameters in angle brackets
as meta-parameters, and we say meta-types to T [ I1 , . . . , ⇒MDA

MDA(P) , . . . , ID ] (�rst input MDA),
T [ I1 , . . . , ⇒MDA

MDA(Q) , . . . , ID ] (second input MDA), and T [ I1 , . . . , ⇒MDA
MDA(P �Q) , . . . , ID ] (output
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1. Expressing a hardware- & data-optimized de-composition and re-composition of data-

parallel computations


2. Being straightforwardly transformable to executable program code (e.g., in OpenMP, CUDA, 
and OpenCL) — optimization decisions are explicitly expressed in low-level representation !

Low-Level Representation of MatVec 
(particular, straightforward instance, 

for an artificial architecture)
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<latexit sha1_base64="RL0uj3vPBmNx1JuEyGh2XZFtm3c="></latexit> �(COR,y)

2
p2

2
∈[0,16)N0

<latexit sha1_base64="sY3WWGin9iZaBrV/uFmg2azEYQo="></latexit> ++(L1,x)
1

p3
1∈[0,32)N0

<latexit sha1_base64="xU7Bru1HMiba6RfRxWWlUfK1ai4="></latexit> ++(L1,y)
2

p3
2∈[0,64)N0

<latexit sha1_base64="0zqJfhZLThi4+SufT+nGlJTGbuU="></latexit> �(L1,y)
2

p3
2∈[0,64)N0

<latexit sha1_base64="lSODQFaJHQ0SNVXjMuGgcPZfKPM="></latexit> �(L1,x)
1

p3
1∈[0,32)N0

<latexit sha1_base64="IvAksVtJfXl1BU1sVTPr+crhfLo="></latexit>

< (HM,x),(HM,y) , (COR,x),(COR,x) , (L1,x),(L1,y) >

<latexit sha1_base64="9gPLtxjdHkU7ysNrFTzkQX+VYlk="></latexit>

< (1,2) , (3,4) , (5,6) >
<latexit sha1_base64="nKLKjORI0+opHxoeoKs1Kl7+MyI="></latexit>

! (HM,1),(HM,2),(COR,1),(COR,2),(L1,1),(L1,2)
<latexit sha1_base64="nKLKjORI0+opHxoeoKs1Kl7+MyI="></latexit>

! (HM,1),(HM,2),(COR,1),(COR,2),(L1,1),(L1,2)
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Code generation:

5832

5833

5834

5835

5836

5837

5838

5839

5840

5841

5842

5843

5844

5845

5846

5847

5848

5849

5850

5851

5852

5853

5854

5855

5856

5857

5858

5859

5860

5861

5862

5863

5864

5865

5866

5867

5868

5869

5870

5871

5872

5873

5874

5875

5876

5877

5878

5879

5880

1:120 Anon.

Note we re-use inp_mda<<l,d>> for the intermediate results given by di�erent iterations of variable
p_(l,d). Correctness is ensured, as it holds:

A ⊆ B ⇒ d⇒++
MDA
MDA(A) ⊆

d⇒++
MDA
MDA(B)

MDA inp_mda<<l,d>> has the following type when used for the intermediate result in a particular
iteration of p_(l,d):

1⇒++
MDA
MDA( I

<
(l,d)
� 1

1, ...,
(l,d)
� 1

D � ... �
(l,d)
� L

1 , ...,
(l,d)
� L

D>
1 ) × . . . × D⇒++

MDA
MDA( I

<
(l,d)
� 1

1, ...,
(l,d)
� 1

D � ... �
(l,d)
� L

1 , ...,
(l,d)
� L

D>
D ) → T INP

Here, for a set P ⊆ [0, #PRT(l ,d) )N0 , index set I
<... � ... P ... � ...>
d denotes �pld ∈P I

<... � ... pld ... � ...>
d .

E.2 Scalar Phase
Listing 17 shows our implementation of the scalar phase (Figure 18).
1 // 2. scalar phase

2 int p_ �f -ord(1, 1) ∈< ↔f -ass (1, 1) >
#PRT ( �f -ord(1, 1) )

3 �
4 int p_ �f -ord(L, D) ∈< ↔f -ass (L, D) >

#PRT ( �f -ord(L, D) )

5 {
6 (
7 ll_out_mda <<f >><<
8 p_(1,1) ,..., p_(1,D),
9 ...
10 p_(L,1) ,..., p_(L,D)>><<b, a >>(

11
1⇒� MDA
MDA( I<<1>><p_(1,1),...,p_(L,1) >(0) ) ,

12 ⋮
13

D⇒� MDA
MDA( I<<D >><p_(1,D),...,p_(L,D)>(0) ) )

14 )b∈[1,BOB]N,a∈[1,AOB
b ]N := f( ( ll_inp_mda <<f >><< p_(1,1) ,..., p_(1,D),

15 ...
16 p_(L,1) ,..., p_(L,D)>><<b, a >>(

17
d⇒
++
MDA
MDA( I<<1>><p_(1,1),...,p_(L,1) >(0) ) ,

18 ⋮
19

d⇒
++
MDA
MDA( I<<D >><p_(1,D),...,p_(L,D)>(0) ) )

20 )b∈[1,BIB]N,a∈[1,AIB
b ]N )

21 }

Listing 17. Scalar Phase
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5489

5490

5491

5492

5493

5494

5495

5496

5497

5498

5499

5500

5501

5502

5503

5504

5505

5506

5507

5508

5509

5510

5511

5512

5513

5514

5515

5516

5517

5518

5519

5520

5521

5522

5523

5524

5525

5526

5527

5528

5529

5530

5531

5532

5533

5534

5535

5536

5537
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26 ∀d ∈ N:
27 pw<<d >><I1, ..., Id−1, Id+1, ..., ID ∈ MDA-IDX-SETs , (P, Q) ∈ MDA-IDX-SETs ⋅× MDA-IDX-SETs>(
28 ⊕ ∶ T OUT ×T OUT → T OUT)( T OUT[I1, ..., Id−1, 0f (P) , Id+1, ..., ID ] lhs ,
29 T OUT[I1, ..., Id−1, 0f (Q) , Id+1, ..., ID ] rhs )
30 -> T OUT[I1, ..., Id−1, 0f (P �Q), Id+1, ..., ID ] res
31 {
32 int i_1 ∈ I1
33 �
34 int i_{d − 1} ∈ Id−1
35 int i_{d + 1} ∈ Id+1
36 �
37 int i_D ∈ ID
38 {
39 res[ i_1 ,...,i_{d − 1} , 0 , i_{d + 1},...,i_D]
40 := lhs[ i_1 ,...,i_{d − 1} , 0 , i_{d + 1},...,i_D]
41 atomic(⊕) rhs[ i_1 ,...,i_{d − 1} , 0 , i_{d + 1},...,i_D];
42 }
43 }

Listing 10. Pre-Implemented Combine Operators

1 // 0.1.2. combine operators
2
3 // pre -implemented combine operators
4
5 // inverse concatenation
6 ∀d ∈ N:
7 cc_inv <<d >><I1, ..., Id−1, Id+1, ..., ID ∈ MDA-IDX-SETs , (P, Q) ∈ MDA-IDX-SETs ⋅× MDA-IDX-SETs>(
8 T INP[I1, ..., Id−1, id(P �Q), Id+1, ..., ID ] res ) -> ( T INP[I1, ..., Id−1, id(P) , Id+1, ..., ID ] lhs ,
9 T INP[I1, ..., Id−1, id(Q) , Id+1, ..., ID ] rhs )
10 {
11 int i_1 ∈ I1
12 �
13 int i_{d − 1} ∈ Id−1
14 int i_{d + 1} ∈ Id+1
15 �
16 int i_D ∈ ID
17 {
18 int i_d ∈ P
19 res[ i_1 ,...,i_d ,...,i_D] =: lhs[ i_1 ,...,i_d ,...,i_D];
20 int i_d ∈ Q
21 res[ i_1 ,...,i_d ,...,i_D] =: rhs[ i_1 ,...,i_d ,...,i_D];
22 }
23 }

Listing 11. Pre-Implemented Combine Operators

E.0.2 inp_view .
Listing 12 shows the user-de�ned index functions provided by the user via higher-order function

inp_view (De�nition 8).
1 // 0.2. inp_view
2
3 // index functions
4 ∀b ∈ [1, BIB]N,a ∈ [1, AIB

b ]N: ∀d ∈ [1, DIB
b ]N:

5 static
6 idx <<INP >><<b ,a>><<d >>( int i_MDA_1 , ... , i_MDA_D ) -> int i_BUF_d
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E.3 Re-Composition Phase
Listing 18 shows our implementation of the re-composition phase (Figure 18).

1 // 3. re -composition phase
2
3 // 3.1. main

4 int p_ �↑-ord(1, 1) ∈< ↔↑-ass (1, 1) > #PRT ( �↑-ord(1, 1) )

5 {

6 int p_ �↑-ord(1, 2) ∈< ↔↑-ass (1, 2) > #PRT ( �↑-ord(1, 2) )

7 {
8 �
9 int p_ �↑-ord(L, D) ∈< ↔↑-ass (L, D) > #PRT ( �↑-ord(L, D) )

10 {

11 ll_out_mda << �↑-ord(L, D) >> :=
co< �↑-ord(L,D) >

out_mda <<f>>;

12 }
13 �
14 ll_out_mda << �↑-ord(1, 2) >> :=

co< �↑-ord(1,2) >
out_mda << �↑-ord(1, 3) >>;

15 }

16 ll_out_mda << �↑-ord(1, 1) >> :=
co< �↑-ord(1,1) >

out_mda << �↑-ord(1, 2) >>;

17 }
18
19 // 3.2. finalization

20 ll_out_mda <<�>> := ll_out_mda << �↑-ord(1, 1) >>

Listing 18. Re-Composition Phase

where

ll_out_mda <<l ,d >> :=co<l,d> ll_out_mda <<l ′,d ′>>

abbreviates

ll_out_mda <<l ,d >><
(l,d)▲ 1

1 ,...,
(l,d)▲ L

D >

:= co <<d>><
1⇒� MDA
MDA( I<< 1 >><

(l,d)� 1
1 ,...,

(l,d)� L
1 >(0) ), // I1

⋮ // ...,Id−1,Id+1 ,...
D⇒� MDA

MDA( I<<D >><
(l,d)� 1

D ,...,
(l,d)� L

D >(0) ), // ID

d⇒� MDA
MDA( I<< d >><

(l,d)� 1
d ,...,

(l,d)� L
d >(0) ), // P

d⇒� MDA
MDA( I<< d >><

(l,d)� 1
d ,...,

(l,d)� L
d >(0) ) // Q

>( ll_out_mda <<l ,d >><
(l,d)▲ 1

1 ,...,
(l,d)▲ L

D > ,

ll_out_mda <<l ′,d ′>><(l
′,d ′)▲ 1

1 ,...,
(l ′,d ′)▲ L

D > )
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• Expresses (de/re)-compositions of data-parallel computations (BLAS, stencil, …) for the 
memory and core hierarchies of state-of-the-art parallel architectures (GPU, CPU, …)


• Straightforwardly transformable to imperative-style, executable program code 


• Full formal foundation

Summary: Low-Level Representation

…

1618

1619

1620

1621

1622

1623

1624

1625

1626

1627
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1629
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1:34 Anon.

3.3 Basic Building Blocks
We introduce four building blocks for our low-level representation: 1) low-level MDAs which are
structures representing a multi-layered, multi-dimensional collection of ordinary MDAs (De�ni-
tion 1) – one ordinary MDA per memory/core layer of their target ASM and in each dimension of
the MDA (illustrated in Figure 17); 2) low-level BUFs which are a collection of ordinary BUFs (De�-
nition 5) augmented with the notion of a memory region and memory layout; 3) low-level combine
operators which represent combine operators (De�nition 2) to which the level and dimension of
their target ASM is assigned that the operator should operate on in the generated code.

De�nition 12 (Low-Level MDA). Let be L ∈ N (representing an ASM’s number of layers) and
D ∈ N (representing an MDH’s number of dimensions). Let further be P = ( (P1

1 , . . . ,P
1
D) , . . . ,

(PL1 , . . . ,PLD) ) ∈ NL×D an arbitrary sequence of L-many D-tuples of positive natural numbers, T ∈
TYPE a scalar type, and I ∶= ( (I

<p11 , . . .,p
1
D � . . . �p

L
1 , . . .,pLD>

d ∈ MDA-IDX-SETs)d∈[1,D]N )
< (p11, ...,p

1
D)∈P

1
1×...×P

1
D �

... � (pL1 , ...,p
L
D)∈P

L
1 ×...×P

L
D > an arbitrary collection of D-many MDA index sets (De�nition 1) for each

particular choice of indices (p11, . . . ,p1D) ∈ P1
1 × . . . × P1

D , . . . , (pLD , . . . ,pLD) ∈ PL1 × . . . × PLD 14

(illustrated in Figure 17).
An L-layered, D-dimensional, P-partitioned low-level MDA that has scalar typeT and index sets I

is any function al l of type:

a
<

Partitioning: Layer 1
������������������������������������������������������������������������������������������������������
(p11, ...,p

1
D)∈P

1
1×...×P

1
D � ... �

Partitioning: Layer L
����������������������������������������������������������������������������������������������������������
(pL1 , ...,p

L
D)∈P

L
1 ×...×P

L
D >

l l ∶

I
<p11, ...,p

1
D � ... �p

L
1 , ...,p

L
D>

1 × . . . × I
<p11, ...,p

1
D � ... �p

L
1 , ...,p

L
D>

D → T

We use low-level MDAs to represent partitionings of MDAs. For this, we choose low-level MDAs’
index sets I as subsets of the MDA to partition (formal details provided in the Appendix, Section C.7).

Next, we introduce low-level BUFs which work similarly as BUFs (De�nition 5), but are tagged
with a memory region and memory layout. While these tags have no e�ect on operators’ semantics,
they indicate later to our code generator in which memory region the BUF is stored and which
memory layout to chose for storing the BUF. Moreover, we use the tags to de�ne constraints of
programming models in our formalism, e.g., that in CUDA, SMX can combine their results in DM
only, as we discuss later in this section.

De�nition 13 (Low-Level BUF). Let be L ∈ N (representing an ASM’s number of layers) and
D ∈ N (representing an MDH’s number of dimensions). Let further P = ( (P1

1 , . . . ,P
1
D) , . . . ,

(PL1 , . . . ,PLD) ) ∈ NL×D be an arbitrary sequence of L-manyD-tuples of positive natural numbers,T ∈
TYPE a scalar type, and N ∶= ( (N

<p11 , . . .,p
1
D � . . . �p

L
1 , . . .,pLD>

d ∈ N)d∈[1,D]N )
< (p11, ...,p

1
D)∈P

1
1×...×P

1
D � ... � (p

L
1 ,

...,pLD)∈P
L
1 ×...×P

L
D > be a BUF’s size (De�nition 5) for each particular choice of p11, . . . ,pLD .

An L-layered, D-dimensional, P-partitioned low-level BUF that has scalar type T and size N is
any function bl l of type (�→ denotes bijection):

b
<

Memory Region

����������������������������������������������������������������������������������������������������
MEM∈[1,NUM_MEM_LYRs]N �

Memory Layout

��������������������������������������������������������������������������
� ∶[1,D]N�→[1,D]N><

Partitioning: Layer 1
������������������������������������������������������������������������������������������������������
(p11, ...,p

1
D)∈P

1
1×...×P

1
D � ... �

Partitioning: Layer L
����������������������������������������������������������������������������������������������������������
(pL1 , ...,p

L
D)∈P

L
1 ×...×P

L
D>

l l ∶

[0,N <p
1
1, ...,p

1
D � ... � p

L
1 , ...,p

L
D >

1 )N0 × . . . × [0,N
<p11, ...,p

1
D � ... � p

L
1 , ...,p

L
D >

D )N0 → T

14 Analogously to Notation 1, we identify each P ld ∈ N implicitly also with the interval [0, P ld )N0 (inspired by set theory).
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3.3 Basic Building Blocks
We introduce four building blocks for our low-level representation: 1) low-level MDAs which are
structures representing a multi-layered, multi-dimensional collection of ordinary MDAs (De�ni-
tion 1) – one ordinary MDA per memory/core layer of their target ASM and in each dimension of
the MDA (illustrated in Figure 17); 2) low-level BUFs which are a collection of ordinary BUFs (De�-
nition 5) augmented with the notion of a memory region and memory layout; 3) low-level combine
operators which represent combine operators (De�nition 2) to which the level and dimension of
their target ASM is assigned that the operator should operate on in the generated code.

De�nition 12 (Low-Level MDA). Let be L ∈ N (representing an ASM’s number of layers) and
D ∈ N (representing an MDH’s number of dimensions). Let further be P = ( (P1

1 , . . . ,P
1
D) , . . . ,

(PL1 , . . . ,PLD) ) ∈ NL×D an arbitrary sequence of L-many D-tuples of positive natural numbers, T ∈
TYPE a scalar type, and I ∶= ( (I

<p11 , . . .,p
1
D � . . . �p

L
1 , . . .,pLD>

d ∈ MDA-IDX-SETs)d∈[1,D]N )
< (p11, ...,p

1
D)∈P

1
1×...×P

1
D �

... � (pL1 , ...,p
L
D)∈P

L
1 ×...×P

L
D > an arbitrary collection of D-many MDA index sets (De�nition 1) for each

particular choice of indices (p11, . . . ,p1D) ∈ P1
1 × . . . × P1

D , . . . , (pLD , . . . ,pLD) ∈ PL1 × . . . × PLD 14

(illustrated in Figure 17).
An L-layered, D-dimensional, P-partitioned low-level MDA that has scalar typeT and index sets I

is any function al l of type:

a
<

Partitioning: Layer 1
������������������������������������������������������������������������������������������������������
(p11, ...,p

1
D)∈P

1
1×...×P

1
D � ... �

Partitioning: Layer L
����������������������������������������������������������������������������������������������������������
(pL1 , ...,p

L
D)∈P

L
1 ×...×P

L
D >

l l ∶

I
<p11, ...,p

1
D � ... �p

L
1 , ...,p

L
D>

1 × . . . × I
<p11, ...,p

1
D � ... �p

L
1 , ...,p

L
D>

D → T

We use low-level MDAs to represent partitionings of MDAs. For this, we choose low-level MDAs’
index sets I as subsets of the MDA to partition (formal details provided in the Appendix, Section C.7).

Next, we introduce low-level BUFs which work similarly as BUFs (De�nition 5), but are tagged
with a memory region and memory layout. While these tags have no e�ect on operators’ semantics,
they indicate later to our code generator in which memory region the BUF is stored and which
memory layout to chose for storing the BUF. Moreover, we use the tags to de�ne constraints of
programming models in our formalism, e.g., that in CUDA, SMX can combine their results in DM
only, as we discuss later in this section.

De�nition 13 (Low-Level BUF). Let be L ∈ N (representing an ASM’s number of layers) and
D ∈ N (representing an MDH’s number of dimensions). Let further P = ( (P1

1 , . . . ,P
1
D) , . . . ,

(PL1 , . . . ,PLD) ) ∈ NL×D be an arbitrary sequence of L-manyD-tuples of positive natural numbers,T ∈
TYPE a scalar type, and N ∶= ( (N

<p11 , . . .,p
1
D � . . . �p

L
1 , . . .,pLD>

d ∈ N)d∈[1,D]N )
< (p11, ...,p

1
D)∈P

1
1×...×P

1
D � ... � (p

L
1 ,

...,pLD)∈P
L
1 ×...×P

L
D > be a BUF’s size (De�nition 5) for each particular choice of p11, . . . ,pLD .

An L-layered, D-dimensional, P-partitioned low-level BUF that has scalar type T and size N is
any function bl l of type (�→ denotes bijection):

b
<

Memory Region

����������������������������������������������������������������������������������������������������
MEM∈[1,NUM_MEM_LYRs]N �

Memory Layout

��������������������������������������������������������������������������
� ∶[1,D]N�→[1,D]N><

Partitioning: Layer 1
������������������������������������������������������������������������������������������������������
(p11, ...,p

1
D)∈P

1
1×...×P

1
D � ... �

Partitioning: Layer L
����������������������������������������������������������������������������������������������������������
(pL1 , ...,p

L
D)∈P

L
1 ×...×P

L
D>

l l ∶

[0,N <p
1
1, ...,p

1
D � ... � p

L
1 , ...,p

L
D >

1 )N0 × . . . × [0,N
<p11, ...,p

1
D � ... � p

L
1 , ...,p

L
D >

D )N0 → T

14 Analogously to Notation 1, we identify each P ld ∈ N implicitly also with the interval [0, P ld )N0 (inspired by set theory).
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We refer to MEM as low-level BUF’s memory region and to � as its memory layout, and we refer to
the function

btransl l
<

Memory Region

����������������������������������������������������������������������������������������������������
MEM∈[1,NUM_MEM_LYRs]N �

Memory Layout

��������������������������������������������������������������������������
� ∶[1,D]N�→[1,D]N><

Partitioning: Layer 1
������������������������������������������������������������������������������������������������������
(p11, ...,p

1
D)∈P

1
1×...×P

1
D � ... �

Partitioning: Layer L
����������������������������������������������������������������������������������������������������������
(pL1 , ...,p

L
D)∈P

L
1 ×...×P

L
D> ∶

[0,N <p
1
1, ...,p

1
D � ... � p

L
1 , ...,p

L
D >

�(1) )N0 × . . . × [0,N
<p11, ...,p

1
D � ... � p

L
1 , ...,p

L
D >

�(D) )N0 → T

that is de�ned as

btransl l
< MEM ��><p11, ...,p

1
D � ... �p

L
1 , ...,p

L
D >(i�(1), . . . , i�(D)) ∶= b

< MEM ��><p11, ...,p
1
D � ... �p

L
1 , ...,p

L
D >

l l (i1, . . . , iD)
as bl l ’s transposed function representation.

Finally, we introduce low-level combine operators. Such operators behave the same as ordinary
combine operators (De�nition 2) but are additionally augmented with a layer of their target ASM.
Similarly as for low-level BUFs, the tag has no e�ect on semantics, but it is used in our code
generation to assign the computation to the hardware (e.g., indicating that the operator/function
is computed by either an SMX, WRP, or THR when targeting CUDA – see Example 9) and to de�ne
model-speci�c constraints in our formalism. We also tag the combine operator with a dimension of
the ASM layer, enabling later in our optimization process to express advanced data access patterns
(a.k.a. swizzles [Phothilimthana et al. 2019]). For example, when targeting CUDA, �exibly mapping
ASM dimensions on THR layer (in CUDA terminology, the dimensions are called threadIdx.x,
threadIdx.y, and threadIdx.z) to array dimensions enables the well-performing coalesced global
memory accesses [NVIDIA 2022d] for both transposed and non-transposed data layouts, by only
using di�erent dimension tags. We call pairs (lASM,dASM), consisting of an ASM layer lASM ∈ N and
an ASM dimension dASM ∈ N, an ASM level (ASM-LVL) (terminology motivated in the Appendix,
Section C.5).

De�nition 14 (Low-Level Combine Operator). Let be L ∈ N (representing an ASM’s number of lay-
ers) and D ∈ N (representing an MDH’s number of dimensions). Let further be � ∈ CO<⇒

MDA
MDA �T �D �d>

an arbitrary D-dimensional combine operator (De�nition 2).
The low-level representation �<(lASM,dASM)∈ASM-LVL> of operator � is a function that for each pair

(lASM,dASM) ∈ ASM-LVL ∶= { (l ,d) � l ∈ [1,L]N , d ∈ [1,D]N }
has the same type and semantics as �:

�<lASM,dASM> ∈ CO<⇒
MDA
MDA �T �D �d> , �<lASM,dASM>(a,b) ∶= �(a,b)

i.e., �<lASM,dASM> works exactly as combine operator �, but its type is enriched with a meta-parameter
that captures the notation of an ASM layer lASM ∈ [1,L]N and dimension dASM ∈ [1,D]N.
Note that in Figure 16, for better readability, we use domain-speci�c identi�ers for ASM lay-

ers: HM:=1 as an alias for the ASM layer that has id 1, L1:=2 for layer id 2, and COR:=3 for layer
id 3. For dimensions, we use aliases x ∶= 1 for ASM dimension 1 and � ∶= 2 for ASM dimension 2,
correspondingly.

3.4 Generic Low-Level Expression
Figure 18 shows a generic expression in our low-level representation: it targets an arbitrary L-layered
ASM instance, and it implements, on low-level, the generic instance of our high-level expression in
Figure 14. Inserting into the low-level expression a particular value for ASM’s numbers of layer L,
as well as particular values for the generic parameters of the high-level expression in Figure 14
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notion of tiles, e.g., by o�ering the potential functions tileIdx.x/tileIdx.y/tileIdx.z for manag-
ing tiles automatically in the programmingmodel (similarly as functions threadIdx.x/threadIdx.y/
threadIdx.z automatically manage threads in CUDA). Consequently, the dimension information
within tags are currently ignored by our code generator when the operator tag refers to a memory
layer (such as dimension x in tag (HM,x) which refers to memory layer HM).
We implement operators’ memory regions as straightforward allocations in the corresponding

memory region (e.g., CUDA’s device, shared, or register memory [NVIDIA 2022e], according
to the arrow annotations in our low-level expression); memory layouts are also implemented via
pre-processor directives, e.g., #define M(i,k) M[k][i] when storing MatVec’s input matrixM as
transposed.

Code optimizations that are applied on a lower abstraction level than proposed by our represen-
tation in Example 16 are beyond the scope of this work and outlined in Section F of our Appendix,
e.g., loop fusion and loop unrolling which are applied to program code on the low, loop-based
abstraction level.

In the following, we introduce in Section 3.2 our formal abstraction of computer systems, which
we illustrate using the example architectures targeted by programmingmodels OpenMP, CUDA, and
OpenCL. Afterwards, in Section 3.3, we formally de�ne the basic building blocks of our low-level
representation: low-level MDAs, low-level BUFs, and low-level combine operators.

3.2 Abstract System Model (ASM)
De�nition 11 (Abstract System Model). An L-Layered Abstract System Model (ASM), L ∈ N, is any
pair of two positive natural numbers

(NUM_MEM_LYRs , NUM_COR_LYRs ) ∈ N ×N
for which NUM_MEM_LYRs + NUM_COR_LYRs = L.

Our ASM canmodel architectureswith arbitrarily deepmemory and core hierarchies13: NUM_MEM_LYRs
denotes the target architecture’s number of memory layers and NUM_COR_LYRs the architecture’s
number of core layers, correspondingly. For example, the arti�cial architecture we used in Figure 16
is represented as an ASM instance as follows (bar symbols denote set cardinality):

ASMartif. ∶= ( �{HM,L1}� , �{COR}� ) = (2, 1)
The instance is a pair consisting of the numbers 2 and 1 which represent the arti�cial architecture’s
two memory layers (HM and L1) and its single core layers (COR).

Example 9. We show particular instances of our ASM abstraction for the device models used by
state-of-practice approaches OpenMP, CUDA, and OpenCL:

ASMOpenMP ∶= ( �{MM,L2,L1}� , �{COR}� ) = (3, 1)
ASMOpenMP+L3 ∶= ( �{MM,L3,L2,L1}� , �{COR}� ) = (4, 1)
ASMOpenMP+L3+SIMD ∶= ( �{MM,L3,L2,L1}� , �{COR,SIMD}� ) = (4, 2)

ASMCUDA ∶= ( �{DM,SM,RM}� , �{SMX,CC}� ) = (3, 2)
ASMCUDA+WRP ∶= ( �{DM,SM,RM}� , �{SMX,WRP,CC}� ) = (3, 3)

ASMOpenCL ∶= ( �{GM,LM,PM}� , �{CU,PE}� ) = (3, 2)
13 We do not model into our ASM abstraction an architecture’s particular number of cores and/or sizes of memory regions,
because our optimization process is designed to be generic in these numbers and sizes for high �exibility.
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Lowering: High Level → Low-Level
Our Lowering Process is formally proved, and it is generic in performance-critical parameters:
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We use our Auto-Tuning Framework (ATF) [1] to fully automatically determine optimized values of parameters

[1] Rasch, Schulze, Steuwer, Gorlatch, “Efficient Auto-Tuning of Parallel Programs with Interdependent Tuning Parameters via Auto-Tuning Framework (ATF)”, TACO’21
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No. Name Range Description

0 #PRT MDH-LVL→ N number of parts

D1 �↓-ord MDH-LVL�→ MDH-LVL de-composition order

D2 ↔↓-ass MDH-LVL�→ ASM-LVL ASM assignment (de-composition)

D3 ↓-mem<ib> MDH-LVL→ MR memory regions of input BUFs (ib)

D4 � <ib>
↓-mem MDH-LVL→ [1, . . . ,DIB

ib]S memory layouts of input BUFs (ib)

S1 �f -ord MDH-LVL�→ MDH-LVL scalar function order

S2 ↔f -ass MDH-LVL�→ ASM-LVL ASM assignment (scalar function)

S3 f ↓-mem<ib> MR memory region of input BUF (ib)

S4 � <ib>
f ↓-mem

[1, . . . ,DIB
ib]S memory layout of input BUF (ib)

S5 f ↑-mem<ob> MR memory region of output BUF (ob)

S6 � <ob>
f ↑-mem

[1, . . . ,DOB
ob]S memory layout of output BUF (ob)

R1 �↑-ord MDH-LVL�→ MDH-LVL re-composition order

R2 ↔↑-ass MDH-LVL�→ ASM-LVL ASM assignment (re-composition)

R3 ↑-mem<ob> MDH-LVL→ MR memory regions of output BUFs (ob)

R4 � <ob>
↑-mem MDH-LVL→ [1, . . . ,DOB

ob]S memory layouts of output BUFs (ob)

Table 1. Tuning parameters of our low-level expressions

(dimensionality D, combine operators �1, . . . ,�d , and input/output views) results in an instance
of the expression in Figure 18 that remains generic in tuning parameters only; this auto-tunable
instancewill be the focus of our discussion in the remainder of this section. In Section 4, we show that
we fully automatically compute the auto-tunable low-level expression for a concrete ASM instance
and high-level expression, and we automatically optimize this tunable expression for a particular
target device and characteristics of the input and output data via auto-tuning techniques [Rasch
et al. 2021]. The �nal outcome is a concrete (non-generic) low-level expression (as in Figure 16)
that is auto-tuned for the particular target device (represented via an ASM instance, e.g., ASM
instance ASMCUDA when targeting an NVIDIA Ampere GPU) and high-level MDH expression; from
this auto-tuned low-level expression, we can straightforwardly generate executable program code,
because all the complex optimization decisions have already been made in the previous auto-tuning
step. Our overall approach is illustrated in Figure 4.
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Experimental Results
We experimentally evaluate our MDH approach in terms of Performance & Portability & Productivity:
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Competitors:

1. Scheduling Approach: 

- Apache TVM [2] (GPU & CPU)


2. Polyhedral Compilers: 

- PPCG [3] (GPU)

- Pluto [4] (CPU)


3. Functional Approach: 

- Lift [5] (GPU & CPU)


4. Domain-Specific Libraries:

- NVIDIA cuBLAS & cuDNN (GPU) 

- Intel oneMKL & oneDNN (CPU)


Case Studies:

1. Linear Algebra Routines: 

- Matrix Multiplication (MatMul)

- Matrix-Vector Multiplication (MatVec)


2. Stencil Computations: 

- Jacobi Computation (Jacobi1D)

- Gaussian Convolution (Conv2D)


3. Quantum Chemistry: 

- Coupled Cluster (CCSD(T))


4. Data Mining:

- Probabilistic Record Linkage (PRL)


5. Deep Learning:

- Multi-Channel Convolution (MCC)

- Capsule-Style Convolution (MCC_Capsule)

[2] Chen et al., “TVM: An Automated End-to-End Optimizing Compiler for Deep 
Learning”, OSDI’18


[3] Verdoolaege et al., “Polyhedral Parallel Code Generation for CUDA”, TACO’13


[4] Bondhugula et al., “PLuTo: A Practical and Fully Automatic Polyhedral 
Program Optimization System”, PLDI’08


[5] Steuwer et al., “Generating Performance Portable Code using Rewrite Rules”, 
ICFP’15



Experimental Results
Performance Evaluation: (via runtime comparison)
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Highlights only

Significantly higher speedups for other case studies,  
e.g., >170x over TVM on GPU already for straightforward dot products

Case Study “Deep Learning” for which most competitors are highly optimized (most challenging for us!)

MDH speedup over 
• TVM:            1.05 - 3.01x 
• Pluto:          6.29x - 364.43x 
• (oneMKL/oneDNN: 0.39x - 9.01x)

MDH speedup over 
• TVM:           0.88x - 2.22x 
• PPCG:          2.58x - 13.76x 
• (cuBLAS/cuDNN: 0.91x - 2.67x)

2941

2942

2943

2944

2945

2946

2947

2948

2949

2950

2951

2952

2953

2954

2955

2956

2957

2958

2959

2960

2961

2962

2963

2964

2965

2966

2967

2968

2969

2970

2971

2972

2973

2974

2975

2976

2977

2978

2979

2980

2981

2982

2983

2984

2985

2986

2987

2988

2989

Short Title 1:61

Deep 
Learning

NVIDIA Ampere GPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC MatMul MCC MatMul MCC MatMul MCC MatMul MCC MCC

TVM+Ansor 1.00 1.26 1.05 2.22 0.93 1.42 0.88 1.14 0.94 1.00

PPCG 3456.16 8.26 - 7.89 1661.14 7.06 5.77 5.08 2254.67 7.55

PPCG+ATF 3.28 2.58 13.76 5.44 4.26 3.92 9.46 3.73 3.31 10.71

cuDNN 0.92 - 1.85 - 1.22 - 1.94 - 1.81 2.14

cuBLAS - 1.58 - 2.67 - 0.93 - 1.04 - -

cuBLASEx - 1.47 - 2.56 - 0.92 - 1.02 - -

cuBLASLt - 1.26 - 1.22 - 0.91 - 1.01 - -

Deep 
Learning

NVIDIA Volta GPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC MatMul MCC MatMul MCC MatMul MCC MatMul MCC MCC

TVM+Ansor 0.75 1.21 0.72 1.79 1.00 1.11 1.06 1.00 1.00 1.00

PPCG 1976.38 5.88 - 5.64 994.16 3.41 8.21 2.51 1411.92 7.26

PPCG+ATF 3.43 3.54 3.42 4.93 3.85 3.15 8.13 2.05 3.49 3.56

cuDNN 1.21 - 1.29 - 2.80 - 3.50 - 2.32 3.14

cuBLAS - 1.33 - 1.14 - 1.09 - 1.04 - -

cuBLASEx - 1.21 - 1.07 - 1.04 - 1.03 - -

cuBLASLt - 1.00 - 1.07 - 1.04 - 1.02 - -

Deep Learning 
(Capsule)

NVIDIA Ampere GPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule

TVM+Ansor 0.96 1.00 0.79 1.02 0.88 0.99

PPCG 4642.24 - 1013.55 - 4017.74 -

PPCG+ATF 25.98 85.33 4.41 13.64 8.89 22.12

cuDNN - - - - - -

Deep Learning 
(Capsule)

NVIDIA Volta GPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule

TVM+Ansor 0.95 1.01 1.05 0.97 1.04 0.87

PPCG 2935.40 - 945.16 - 2885.90 -

PPCG+ATF 19.24 19.68 8.28 12.29 8.84 6.41

cuDNN - - - - - -

Fig. 27. Speedup (higher is be�er) of our approach for the most time-intensive computations used in deep
learning neural networks ResNet-50, VGG-16, and MobileNet on GPUs over: i) scheduling approach TVM,
ii) polyhedral compilers PPCG (GPU), as well as iii) hand-optimized libraries provided by vendors. Dash
symbol "-" means this framework does not support this combination of architecture, computation, and data
characteristic.
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Deep 
Learning

Intel Broadwell CPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC MatMul MCC MatMul MCC MatMul MCC MatMul MCC MCC

TVM+Ansor 1.53 1.60 1.29 1.53 1.32 1.00 1.27 1.02 2.42 1.92

Pluto 4349.20 40.41 137.21 15.96 1865.07 53.57 113.40 24.10 2255.00 53.85

Pluto+ATF 6.43 8.93 61.60 6.91 5.07 4.38 42.63 4.45 6.43 29.18

oneDNN 1.30 - 1.81 - 2.94 - 2.85 - 1.83 4.47

oneMKL - 1.45 - 1.36 - 1.35 - 0.50 - -

oneMKL(JIT) - 19.78 - 9.77 - 50.58 - 10.70 - -

Deep 
Learning

Intel Skylake CPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC MatMul MCC MatMul MCC MatMul MCC MatMul MCC MCC

TVM+Ansor 1.53 1.05 1.14 1.20 1.97 1.14 2.38 1.27 3.01 1.40

Pluto 355.81 49.57 364.43 13.93 130.80 93.21 186.25 36.30 152.14 75.37

Pluto+ATF 13.08 19.70 170.69 6.57 3.11 6.29 53.61 8.29 3.50 25.41

oneDNN 0.39 - 5.07 - 1.22 - 9.01 - 1.05 4.20

oneMKL - 0.44 - 1.09 - 0.88 - 0.53 - -

oneMKL(JIT) - 6.43 - 8.33 - 27.09 - 9.78 - -

Deep Learning 
(Capsule)

Intel Broadwell CPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule

TVM+Ansor 2.61 1.30 3.55 1.00 1.32 2.24

Pluto - - - - - -

Pluto+ATF 4418.82 56.17 75.77 2173.72 202.34 158.52

oneDNN - - - - - -

Deep Learning 
(Capsule)

Intel Skylake CPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule

TVM+Ansor 0.94 1.14 3.50 1.18 2.94 1.59

Pluto 209.36 265.77 - 166.45 160.49 159.34

Pluto+ATF 14.33 265.77 3.33 60.66 4.40 57.21

oneDNN - - - - - -

Fig. 28. Speedup (higher is be�er) of our approach for the most time-intensive computations used in deep
learning neural networks ResNet-50, VGG-16, and MobileNet on CPUs over: i) scheduling approach TVM,
ii) polyhedral compilers Pluto (CPU), as well as iii) hand-optimized libraries provided by vendors. Dash
symbol "-" means this framework does not support this combination of architecture, computation, and data
characteristic.
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Experimental Results

Portability Evaluation: (via Pennycook Metric [6])

19

Highlights only

[6] Pennycook et al., “Implications of a Metric for Performance Portability”, FGCS’19

Our other competitors achieve lowest portability — of “0.00” — only,  
because they are limited to particular architectures and/or application classes
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GPU & CPU

Linear 
Algebra

Pennycook Metric
Dot MatVec MatMul MatMulT bMatMul

224 107 4096,4096 8192,8192 10,500,64 1024,1024,1024 10,500,64 16,10,500,64

MDH+ATF 0.88 0.64 0.65 0.85 0.88 0.54 0.94 0.95

TVM+Ansor 0.01 0.02 0.54 0.47 0.83 0.50 0.97 0.89

Stencils
Pennycook Metric

Jacobi3D Conv2D MCC
256,256,256 512,512,512 224,224,5,5 4096,4096,5,5 1,512,7,7,512,3,3

MDH+ATF 1.00 1.00 1.00 1.00 1.00

TVM+Ansor 0.47 0.55 0.59 0.37 0.41

Data 
Mining

Pennycook Metric
215 216 217 218 219 220

MDH+ATF 1.00 1.00 1.00 1.00 1.00 1.00

TVM+Ansor 0.00 0.00 0.00 0.00 0.00 0.00

Deep 
Learning

Pennycook Metric
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC MatMul MCC MatMul MCC MatMul MCC MatMul MCC MCC

MDH+ATF 0.67 0.76 0.91 1.00 0.98 0.95 0.97 0.68 0.98 1.00

TVM+Ansor 0.53 0.62 0.89 0.59 0.76 0.81 0.70 0.61 0.54 0.75

Deep Learning 
(Capsule)

Pennycook Metric
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule

MDH+ATF 0.96 1.00 0.94 0.99 0.97 0.96

TVM+Ansor 0.71 0.90 0.44 0.95 0.63 0.69

GEKÜRZT  
(vorletzte Spalte raus) 

Quantum 
Chemistry

Pennycook Metric
abcdef- 

gdab-efgc
abcdef- 

gdac-efgb
abcdef- 

gdbc-efga
abcdef- 

geab-dfgc
abcdef- 

geac-dfgb
abcdef- 

gebc-dfga
abcdef- 

gfab-degc
abcdef- 

gfbc-dega

MDH+ATF 1.00 0.98 1.00 1.00 1.00 1.00 1.00 1.00

TVM+Ansor 0.82 0.82 0.73 0.82 0.82 0.74 0.71 0.84

Fig. 29. Portability (higher is be�er), according to Pennycook metric, of our approach and TVM over GPUs
and CPUs for case studies. Polyhedral compilers PPCG/Pluto and vendor libraries by NVIDIA and Intel are
not listed: due to their limitation to certain architectures, all of them achieve the lowest portability of 0 only.

Proc. ACM Program. Lang., Vol. 1, No. CONF, Article 1. Publication date: January 2018.



Experimental Results

Productivity Evaluation: (via intuitive argumentation)

20

Highlights only

3284

3285

3286

3287

3288

3289

3290

3291

3292

3293

3294

3295

3296

3297

3298

3299

3300

3301

3302

3303

3304

3305

3306

3307

3308

3309

3310

3311

3312

3313

3314

3315

3316

3317

3318

3319

3320

3321

3322

3323

3324

3325

3326

3327

3328

3329

3330

3331

3332

1:68 Anon.

speci�cally designed and optimized toward these studies, e.g., via application-speci�c assembly-level
optimizations which are currently beyond the scope of our work.

Productivity. Listing 4 shows the implementation of MatVec in domain-speci�c approach NVIDIA
cuBLAS; the implementation of MatVec in other domain-speci�c approaches, e.g., Intel oneMKL, is
analogous to the implementation in Listing 4. We consider domain-speci�c approaches as most
productive for their target domain: in the case of MatVec, the user only calls the high-level function
cublasSgemv and passes to it the input matrices (omitted via ellipsis in the listing) together with
some meta information (memory layout of matrices, etc); cuBLAS then automatically starts the
GPU computations for computing the result vector of MatVec.
The fundamental productivity issue of domain-speci�c approaches is that they can only be

used for a narrow class of computations, e.g., only linear algebra routines as NVIDIA cuBLAS and
Intel oneMKL. Moreover, in the case of domain-speci�c libraries from NVIDIA and Intel, it is often
up to the user to manually choose among di�erent, semantically equal but di�erently performing
implementations. For example, the cuBLAS library o�ers three di�erent routines for computing
matrix multiplications – routines cublasSgemm (part of standard cuBLAS), cublasGemmEx (part
of the cuBLASEx extension of cuBLAS), and routine cublasLtMatmul (part of the cuBLASLt ex-
tension) – and the routines often also o�er di�erent, so-called algorithms which in�uence the
internally used optimizations of routines (e.g., 42 algorithm variants in case cuBLASEx). When
striving for the highest performance potentials of libraries, the user is in charge of naively testing
each possible combination of routine and algorithm variant (as we have done in Figures 23-28
to make experimenting challenging for us). In addition, the user must be aware that di�erent
combinations of routines and algorithms can produce results of reduced accuracy (as discussed
above), which can be critical for accuracy-sensitive use cases.

1 cublasSgemv( /* ... */ );

Listing 4. cuBLAS program expressing Matrix-Vector Multiplication (MatVec)

6 RELATEDWORK
Three major classes of approaches currently focus on code generation and optimization for data-
parallel computations: 1) scheduling, 2) polyhedral, and 3) functional. In the following, we compare
in Sections 6.1-6.3 our approach to each of these three classes in terms of performance, portability,
and productivity. In contrast to Section 5, which has compared our approach against these classes
experimentally, this section is focussed on discussions in a more general, non-experimental context.
Afterwards, we outline domain-speci�c approaches in Section 6.4, which are speci�cally designend
and optimized toward their target application domains. In Section 6.5, we brie�y outline approaches
focussing on optimizations at the algorithmic level of abstraction which we consider as higher-level
optimizations than proposed by our approach and as greatly combinable with our work. Finally,
we discuss in Section 6.6 the di�erences between our MDH-inspired approach introduced in this
paper and the already existing work on MDHs.

6.1 Scheduling Approaches
Popular examples of scheduling approaches include TVM [Chen et al. 2018a], Halide [Ragan-Kelley
et al. 2013], Elevate [Hagedorn et al. 2020b], DaCe [Ben-Nun et al. 2019], Tiramisu [Baghdadi
et al. 2019], CUDA-CHiLL [Khan et al. 2013], Fireiron [Hagedorn et al. 2020a], and the most-
recent DISTAL [Yadav et al. 2022] and LoopStack [Wasti et al. 2022] approaches. While scheduling
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1 for( int i = 0 ; i < M ; ++i )
2 for( int k = 0 ; k < K ; ++k )
3 w[i] += M[i][k] * v[k];

Listing 2. PPCG/Pluto program expressing Matrix-Vector Multiplication (MatVec)

5.3 Functional Approaches
Our previous work [Rasch et al. 2019a] already shows that while functional approaches provide
a solid formal foundation for computations, they usually struggle with achieving performance
and portability; for this, our previous work used the state-of-the-art Lift [Steuwer et al. 2015]
framework as running example (which, to the best of our knowledge, has so far not been improved
toward higher performance or better portability). Consequently, we focus in the following on
analyzing and discussing the productivity potentials of functional approaches, using again the
state-of-the-art Lift approach as running example. We discuss functional approaches’ performance
and portability from a general perspective thoroughly in Section 6.3.

Performance/Portability. Already experimentally evaluated in previous work [Rasch et al. 2019a]
and discussed in general terms in Section 6.3.

Productivity. Listing 3 shows the implementation of MatVec in the Lift approach. In line 1, type
parameters n and m are declared via Lift building block nFun – type parameters are limited to
natural numbers in the Lift’s formalism. Line 2 declares a function in Lift that takes as input a
matrix of size m× n and a vector of size n, correspondingly; the matrix and vector are both assumed
to consist of float numbers (�oating points). The computation of MatVec is speci�ed in lines 3
and 4: the map function of Lift in line 3 iterates overall rows of the matrix, each row is pair-wise
combined with the input vector via Lift pattern zip, multiplication * is applied to each pair in the
combined vector via Lift’s map pattern in line 4, and the obtained products are �nally combined
via addition + using Lift’s reduce pattern.

1 nFun(n => nFun(m =>
2 fun(matrix: [[ float]n]m => fun(xs: [float]n =>
3 matrix :>> map(fun(row =>
4 zip(xs, row) :>> map(*) :>> reduce(+, 0)
5 )) )) ))

Listing 3. Lift program expressing Matrix-Vector Multiplication (MatVec)

Already for expressing MatVec, we can observe that Lift relies on a vast set of small, functional
building blocks (�ve building blocks for MatVec: nFun, fun, map, zip, and reduce), and the blocks
have to be composed and nested in complex ways for expressing computations. Consequently,
we consider programming in Lift-like approaches as complex and their productivity for the user
as limited. Moreover, Lift-like approaches often need fundamental extension for targeting new
kinds of computations, e.g., by so-called macro-rules which had to be added to Lift for e�ciently
targeting matrix multiplications [Remmelg et al. 2016] and primitives slide and pad together with
optimization overlapped tiling for expressing stencil computations [Hagedorn et al. 2018]. This
need for extensions limits the expressivity of languages and thus further hinders productivity.
In contrast, our approach relies on exactly three higher-order functions (Figure 5) which

uniformly express di�erent classes of data-parallel computations (Figure 15) in a structured
way: 1) inp_view (De�nition 8) which prepares the input data; it uniformly structures, in one func-
tion, the subset of Lift patterns intended to change the view on input data, like patterns zip, pad,
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line 1, the input size (I ,K) ∈ N × N of matrix M ∈ T I×K (line 2) and vector � ∈ TK (line 3) are
declared in the form of function parameters; the matrix and vector are named M and v and both
are assumed to contain elements of scalar type T = float32 (integer). Line 5 de�nes a so-called
reduction axis in TVM in which all values are combined via te.sum (addition) in line 8. The basic
computation part of MatVec – multiplying matrix element M[i,k] with vector element v[k] – is
also speci�ed in line 8.

1 def MatVec(I, K):
2 M = te.placeholder ((I, K), name=�M�, dtype=�float32 �)
3 v = te.placeholder ((K,), name=�v�, dtype=�float32 �)
4
5 k = te.reduce_axis ((0, K), name=�k�)
6 w = te.compute(
7 (I,),
8 lambda i: te.sum(M[i, k] * v[k], axis=k)
9 )
10 return [M, v, w]

Listing 1. TVM program expressing Matrix-Vector Multiplication (MatVec)

While we see the MatVec implementations of TVM (Listing 1) and our approach (Figure 6) basi-
cally on the same level of abstraction, we consider our approach in general as more expressive.
This is because our approach supports multiple reduction dimensions that may rely on di�erent
combine operators, e.g., as required for expressing the MBBS example in Figure 15 with which
TVM is struggling – adding support for multiple, di�erent reduction dimensions is considered as
a non-trivial extension of TVM [Appache TVM Community 2020, 2022b]. Also, we consider our
approach as slightly less error-prone: we automatically compute the sizes of matrixM as I ×K and
vector� asK , based on the user-de�ned input size (I ,K) in line 1 and index functions (i,k)� (i,k)
for the matrix and (i,k)� (k) for the vector in line 8. In contrast, TVM redundantly requests these
matrix and vector sizes from the user (once in lines 2 and 3 of Listing 1, and once in lines 5 and 7),
which lets TVM generate incorrect low-level code – without issuing an error message – when the
user sets sizes di�erent from I ×K for the matrix and K for the vector in lines 2 and 3 [Appache
TVM Community 2022f].

5.2 Polyhedral Compilers
Performance. Figures 23-28 report for our application case studies the performance of the PPCG-

generated CUDA code for GPUs and of the OpenMP-annotated C code generated by polyhedral
compiler Pluto for CPUs. For a fair comparison, we report for both polyhedral compilers their
performance achieved for auto-tuned tile sizes via the ATF auto-tuning framework (denoted as
PPCG+ATF/Pluto+ATF in Figures 23-28), as well as the performance of compilers when relying on
their internal heuristics (denoted as PPCG and Pluto in the �gures), rather than auto-tuning. In some
cases, PPCG’s heuristic crashed with error too many resources requested for launch, because
the heuristic seems to not take into account device-speci�c constraints, e.g., limited availability of
GPUs’ fast memory resources.
We observe that in all cases, we achieve with our MDH-based approach better performance

than PPCG and Pluto, sometimes by multiple orders of magnitude, in particular for deep learning
computations (Figures 27 and 28). This is caused by the rigid optimization goals of PPCG and Pluto,
e.g., always parallelizing outer dimensions, which causes severe performance losses. For example,
we achieve a speedup over PPCG of > 13× on NVIDIA Ampere GPU and of > 60× over Pluto on
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1 for( int i = 0 ; i < M ; ++i )
2 for( int k = 0 ; k < K ; ++k )
3 w[i] += M[i][k] * v[k];

Listing 2. PPCG/Pluto program expressing Matrix-Vector Multiplication (MatVec)

5.3 Functional Approaches
Our previous work [Rasch et al. 2019a] already shows that while functional approaches provide
a solid formal foundation for computations, they usually struggle with achieving performance
and portability; for this, our previous work used the state-of-the-art Lift [Steuwer et al. 2015]
framework as running example (which, to the best of our knowledge, has so far not been improved
toward higher performance or better portability). Consequently, we focus in the following on
analyzing and discussing the productivity potentials of functional approaches, using again the
state-of-the-art Lift approach as running example. We discuss functional approaches’ performance
and portability from a general perspective thoroughly in Section 6.3.

Performance/Portability. Already experimentally evaluated in previous work [Rasch et al. 2019a]
and discussed in general terms in Section 6.3.

Productivity. Listing 3 shows the implementation of MatVec in the Lift approach. In line 1, type
parameters n and m are declared via Lift building block nFun – type parameters are limited to
natural numbers in the Lift’s formalism. Line 2 declares a function in Lift that takes as input a
matrix of size m× n and a vector of size n, correspondingly; the matrix and vector are both assumed
to consist of float numbers (�oating points). The computation of MatVec is speci�ed in lines 3
and 4: the map function of Lift in line 3 iterates overall rows of the matrix, each row is pair-wise
combined with the input vector via Lift pattern zip, multiplication * is applied to each pair in the
combined vector via Lift’s map pattern in line 4, and the obtained products are �nally combined
via addition + using Lift’s reduce pattern.

1 nFun(n => nFun(m =>
2 fun(matrix: [[ float]n]m => fun(xs: [float]n =>
3 matrix :>> map(fun(row =>
4 zip(xs , row) :>> map(*) :>> reduce(+, 0)
5 )) )) ))

Listing 3. Lift program expressing Matrix-Vector Multiplication (MatVec)

Already for expressing MatVec, we can observe that Lift relies on a vast set of small, functional
building blocks (�ve building blocks for MatVec: nFun, fun, map, zip, and reduce), and the blocks
have to be composed and nested in complex ways for expressing computations. Consequently,
we consider programming in Lift-like approaches as complex and their productivity for the user
as limited. Moreover, Lift-like approaches often need fundamental extension for targeting new
kinds of computations, e.g., by so-called macro-rules which had to be added to Lift for e�ciently
targeting matrix multiplications [Remmelg et al. 2016] and primitives slide and pad together with
optimization overlapped tiling for expressing stencil computations [Hagedorn et al. 2018]. This
need for extensions limits the expressivity of languages and thus further hinders productivity.
In contrast, our approach relies on exactly three higher-order functions (Figure 5) which

uniformly express di�erent classes of data-parallel computations (Figure 15) in a structured
way: 1) inp_view (De�nition 8) which prepares the input data; it uniformly structures, in one func-
tion, the subset of Lift patterns intended to change the view on input data, like patterns zip, pad,
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• Our approach combines together three major goals as compared to related work: 
Performance & Portability & Productivity 

• For this, we formally introduce program representations on both: 


‣ high level, for conveniently expressing, in one uniform formalism, the various kinds of 
data-parallel computations, agnostic from hardware and optimization details, while still 
capturing all information relevant for generating high-performance program code; 


‣ low level, which allows uniformly reasoning, in the same formalism, about optimized (de/
re)-compositions of data-parallel computations targeting different kinds of architectures 
(GPUs, CPUs, etc). 


• We lower our high-level representation to our low-level representation, in a formally sound 
manner, by introducing a generic search space that is based on performance-critical 
parameters and auto-tuning


• Our experiments confirm that our MDH approach often achieves higher Performance & 
Portability & Productivity than popular state-of-practice approaches, including hand-
optimized libraries provided by vendors



Future Work

22

• Expressing and optimizing simultaneously multiple data-parallel computations, rather than 
optimizing computations individually and thus independently from each other only (a.k.a. 
fusing optimization). 


• Supporting computations on sparse data formats


• Introduce an analytical cost model to accelerate (or even avoid) the auto-tuning overhead 
(possibly guided by machine learning techniques) 


• Implement our approach into MLIR to make our work better accessible for the community


• Targeting assembly languages to benefit from assembly-level optimizations


• Extending our approach toward distributed multi-device systems that may be heterogeneous 


•  …

This work provides the (formal) foundation for all our future goals!
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