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⚠ Please Notice ⚠

This talk will be on a quite high level:

- we have no technical contribution so far;

- we have a vision/idea about how our MDH approach could look like in 
MLIR;

- we want to first discuss and asses with you guys how useful such an 
integration could potentially be from your point of view.
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md hom( f, (~1, . . . ,~k) )
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High-level 
program abstraction

__kernel void gemv_fst( __global float* in_matrix, 
                        __global float* in_vector, 
                        __global float* out_vector, 
{ 
 
  // private memory for a WI's computation 
  __private float res_prv = 0.0f; 
   
  // local memory for a WG's computation 
  __local   float res_lcl[ NUM_WI_1 ][ NUM_WI_2 ]; 
   
  // iteration over P_sq blocks 
  for( int i_sq = 1 ; i_sq <= NUM_SQ_1 ; ++i_sq ) { 
    for( int j_sq = 1 ; j_sq <= NUM_SQ_2 ; ++j_sq ) { 
      res_prv = 0.0f; 
       
      // sequential computation on a P_wi partition 
      for( int i = 1 ; i <= WI_PART_SIZE_1 ; ++i ) 
        for( int j = 1 ; j <= WI_PART_SIZE_2 ; ++j ) 
        res_prv += my_p_wi( i, j, 0 ) * my_p_wi( i, j, 1 ); 
       
      // store result in local memory 
      res_lcl[ WI_ID_1 ][ WI_ID_2 ] = res_prv; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
       
      // combine the WIs' results in dimension x 
      for( int stride = NUM_WI_2 / 2 ; stride > 0 ; stride /= 2) 
      { 
        if( WI_ID_2 < stride) 
          res_lcl[ WI_ID_1 ][ WI_ID_2 ] += res_lcl[ WI_ID_1 ][ WI_ID_2 + stride ]; 
           
        barrier( CLK_LOCAL_MEM_FENCE ); 
      } 
       
      // store WGs' results in global memory 
      if( WI_ID_2 == 0 ) 
        my_res( i_sq ) = res_lcl[ WI_ID_1 ][0]; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
 
    } // end of for-loop j_sq 
  } // end of for-loop i_sq 
} // end of kernel 

(1)
Generation
[PACT’19, IJPP’18]

Generic 
program code

(3)
Execution

[JOS’19, ICPADS’18]

Different  
architectures & input/output 

characteristics__kernel void gemv_fst( __global float* in_matrix, 
                        __global float* in_vector, 
                        __global float* out_vector, 
{ 
 
  // private memory for a WI's computation 
  __private float res_prv = 0.0f; 
   
  // local memory for a WG's computation 
  __local   float res_lcl[ NUM_WI_1 ][ NUM_WI_2 ]; 
   
  // iteration over P_sq blocks 
  for( int i_sq = 1 ; i_sq <= NUM_SQ_1 ; ++i_sq ) { 
    for( int j_sq = 1 ; j_sq <= NUM_SQ_2 ; ++j_sq ) { 
      res_prv = 0.0f; 
       
      // sequential computation on a P_wi partition 
      for( int i = 1 ; i <= WI_PART_SIZE_1 ; ++i ) 
        for( int j = 1 ; j <= WI_PART_SIZE_2 ; ++j ) 
        res_prv += my_p_wi( i, j, 0 ) * my_p_wi( i, j, 1 ); 
       
      // store result in local memory 
      res_lcl[ WI_ID_1 ][ WI_ID_2 ] = res_prv; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
       
      // combine the WIs' results in dimension x 
      for( int stride = NUM_WI_2 / 2 ; stride > 0 ; stride /= 2) 
      { 
        if( WI_ID_2 < stride) 
          res_lcl[ WI_ID_1 ][ WI_ID_2 ] += res_lcl[ WI_ID_1 ][ WI_ID_2 + stride ]; 
           
        barrier( CLK_LOCAL_MEM_FENCE ); 
      } 
       
      // store WGs' results in global memory 
      if( WI_ID_2 == 0 ) 
        my_res( i_sq ) = res_lcl[ WI_ID_1 ][0]; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
 
    } // end of for-loop j_sq 
  } // end of for-loop i_sq 
} // end of kernel 

(2)
Optimization

[TACO’20, CCPE’18, HPCC’17]

Executable 
program code

__kernel void gemv_fst( __global float* in_matrix, 
                        __global float* in_vector, 
                        __global float* out_vector, 
{ 
 
  // private memory for a WI's computation 
  __private float res_prv = 0.0f; 
   
  // local memory for a WG's computation 
  __local   float res_lcl[ NUM_WI_1 ][ NUM_WI_2 ]; 
   
  // iteration over P_sq blocks 
  for( int i_sq = 1 ; i_sq <= NUM_SQ_1 ; ++i_sq ) { 
    for( int j_sq = 1 ; j_sq <= NUM_SQ_2 ; ++j_sq ) { 
      res_prv = 0.0f; 
       
      // sequential computation on a P_wi partition 
      for( int i = 1 ; i <= WI_PART_SIZE_1 ; ++i ) 
        for( int j = 1 ; j <= WI_PART_SIZE_2 ; ++j ) 
        res_prv += my_p_wi( i, j, 0 ) * my_p_wi( i, j, 1 ); 
       
      // store result in local memory 
      res_lcl[ WI_ID_1 ][ WI_ID_2 ] = res_prv; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
       
      // combine the WIs' results in dimension x 
      for( int stride = NUM_WI_2 / 2 ; stride > 0 ; stride /= 2) 
      { 
        if( WI_ID_2 < stride) 
          res_lcl[ WI_ID_1 ][ WI_ID_2 ] += res_lcl[ WI_ID_1 ][ WI_ID_2 + stride ]; 
           
        barrier( CLK_LOCAL_MEM_FENCE ); 
      } 
       
      // store WGs' results in global memory 
      if( WI_ID_2 == 0 ) 
        my_res( i_sq ) = res_lcl[ WI_ID_1 ][0]; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
 
    } // end of for-loop j_sq 
  } // end of for-loop i_sq 
} // end of kernel 

…

• Multi-Dimensional Homomorphisms (MDHs) are formally defined to cover data-parallel computations: 
linear algebra routines (BLAS), stencils computations, … 

• We enable conveniently implementing MDHs by providing a high-level DSL for them. 

• We provide a DSL compiler that automatically generates auto-tunable low-level code (OpenCL, CUDA, 
OpenMP, …) for MDHs; 

• Our generated code is fully automatically optimizable (auto-tunable) — for any particular combination of a  
target architecture and/or input/output characteristics — by being generated as targeted to an abstract 
machine model and as parametrized in all these abstract model’s performance-critical parameters.

We are the developers of the MDH approach:

Our Background



Our MDH approach achieves 
often better performance than  

well-performing competitors [1] 
Linear Algebra

[6] Steuwer et. al, "Lift: A 
Functional Data-Parallel IR for 
High-Performance GPU Code 
Generation”, CGO’17.

RW PC RW PC

Lift [1] fails 3.04 1.51 1.99

MKL 4.22 0.74 1.05 0.87

CPU
GEMM GEMV

RW PC RW PC

Lift [1] 4.33 1.17 3.52 2.98

cuBLAS 2.91 0.83 1.03 1.00

GEMM GEMV
GPU

Data Mining

[5] Forchhammer et al. “Duplicate Detection on GPUs.”, HFSL’13.

2¹⁵ 2¹⁶ 2¹⁷ 2¹⁸ 2¹⁹ 2²⁰

EKR [5] 1.87 2.06 4.98 13.86 28.34 39.36

CPU Probabilistic Record Linkage

Tensor Contractions

[3] Kim et. al. "A Code Generator for High-Performance Tensor 
Contractions on GPUs.”, CGO’19.
[4] Vasilache et al. "The Next 700 Accelerated Layers: From 
Mathematical Expressions of Network Computation Graphs to 
Accelerated GPU Kernels, Automatically.”, TACO’19.

RW 1 RW 2 RW 3 RW 4 RW 5 RW 6 RW 7 RW 8 RW 9

COGENT [3] 1.26 1.16 2.12 1.24 1.18 1.36 1.48 1.44 1.85

F-TC [4] 1.19 2.00 1.43 2.89 1.35 1.54 1.25 2.02 1.49

Tensor ContractionsGPU

Stencils

[2] Hagedorn et. al, "High 
Performance Stencil Code 
Generation with LIFT.”, CGO’18 
(Best Paper Award).

RW PC RW PC

Lift [2] 4.90 5.96 1.94 2.49

MKL-DNN 6.99 14.31 N/A N/A

Gaussian (2D) Jacobi (3D)
CPU

RW PC RW PC

Lift [2] 2.33 1.09 1.14 1.02

cuDNN 3.78 19.11 N/A N/A

Jacobi (3D)Gaussian (2D)
GPU

[1] Rasch, Schulze, Gorlatch. "Generating Portable High-Performance Code via Multi-
Dimensional Homomorphisms.”, PACT’19

Experimental Results

4

[6]

[6]



Our better results are because: 

Experimental Results

Lift 
Relies on transformation rules which 
require hand pruning (infinitely-large) 

optimization space for exploration.

Intel MKL/MKL-DNN &  
NVIDIA cuBLAS/cuDNN 

Optimized toward only average high performance 
over different input/output characteristics.

Tensor Comprehensions & COGENT

Rely on smaller optimizations spaces and/or 
no parallelization in summation dimensions.

EKR Java 

Not auto-tunable for input size & 
inefficient memory usage.

We rely on a large optimization space [1] — designed & optimized 
toward an arbitrary: MDH, architecture, and input/output 

characteristics — which we explore fully automatically via 
advanced auto-tuning mechanisms [2] .

[1] Rasch, Schulze, Gorlatch. "Generating Portable High-Performance Code via Multi-Dimensional Homomorphisms.”, PACT’19 
[2] Rasch, Schulze, Steuwer, Gorlatch. “Efficient Auto-Tuning of Parallel Programs with Interdependent Tuning Parameters via Auto-Tuning Framework ATF”, TACO’20 5



The	MDH	approach	aims	at	combining	important	advantages	over	related	approaches:

Motivation — MDH in MLIR

However,	our	current	implementa;on	has	weaknesses:

Performance
competitive to 
best available 

solutions

Portability
functional and performance 
— over architectures and 

input/output characteristics

Produc<vity

easy to use 
& expressive

• Prototype	implementa;on	—	technically	inconvenient	to	use	in	praxis	(e.g.,	for	TensorFlow);	
• Systema;c	code	genera;on	for	par;cular	models,	but	not	over	models;	
• Implementa;on	hard	to	maintain	&	extend	→	makes	collabora;on	complicated.	

→Let’s	make	it	be-er	in	a	new	MLIR	implementa6on! 6
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MDH in MLIR — Our Vision

MDH	
High-Level	
Dialect

MDH	
Low-Level	
Dialect

Machine	
Dialects

Applica<on	
Dialects

Overview:

red:   implemented/provided by us 
black: implemented/provided by user & community

GPU  
Dialect

TensorFlow

GEMM Conv2d

…

…

LLVM  
Dialect

md_hom( *, (++,++,+,+) )

parallel_for<l=1,d=1>( … ) 
  parallel_for<…>( … ) 
  { /* … */ } 

_MEM_REGION<l=1> float a[ … ];

get_global_id( … ) 
  get_global_id( … ) 
  { … } 

__local float a[ … ];

tf.nn.conv2d(...)

Examples		
(pseudocode)

shift complexity of lowering here

straighBorward

straighBorward

MDH Program

MDH Implementation 
(machine-agnostic)
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	MDH	
High-Level	
Dialect

MDH	
Low-Level	
Dialect

Machine	
Dialects

- Agnos;c	from	hardware	&	op;miza;on	details.	

- Expressive	 enough	 to	 represent	 various	 kinds	 of	 data-parallel	
computa;ons.	

- Should	 capture	 —	 in	 a	 structured	 manner	 —	 all	 high-level	
informa;on	relevant	for	genera;ng	efficient	low-level	code.

- Op;miza;ons	expressible	(paralleliza;on,	;ling,	memory,	etc).	

- Uniform	for	different	machine	dialects.	

- Provided	by	MLIR	community		(GPU,	LLVM,	etc).

md_hom( *, (++,++,+,+) )

parallel_for<l=1,d=1>( … ) 
  parallel_for<…>( … ) 
  { /* … */ } 

_MEM_REGION<l=1> float a[ … ];

get_global_id( … ) 
  get_global_id( … ) 
  { … } 

__local float a[ … ];

Applica<ons
- Given	by	the	user	(TensorFlow,	etc). tf.nn.conv2d(...)

Dialects:

Level Requirements Example	(pseudocode)

MDH in MLIR — Our Vision
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shall be very easy for the programmer due to 
MDH’s high-level abstraction

all optimizations performed at this step  
→ step shall be uniform (via auto-tuning) for 
any target combination of:  
1) MDH, 2) device, 3) input/output 
characteristics

shall be straightforward so that new/further 
machine dialects can be easily targeted with 
our approach 

MDH in MLIR — Our Vision
Lowering:

	MDH	
High-Level	
Dialect

MDH	
Low-Level	
Dialect

Machine	
Dialects

Applica<ons

Level Requirements Example	(pseudocode)

md_hom( *, (++,++,+,+) )

parallel_for<l=1,d=1>( … ) 
  parallel_for<…>( … ) 
  { /* … */ } 

_MEM_REGION<l=1> float a[ … ];

get_global_id( … ) 
  get_global_id( … ) 
  { … } 

__local float a[ … ];

tf.nn.conv2d(...)
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MDH in MLIR — Our Vision

	MDH	
High-Level	
Dialect

MDH	
Low-Level	
Dialect

Machine	
Dialects

Applica<ons

MDH Program

MDH  
Implementation

Workflow:

GPU  
Dialect

GEMM

straighBorward	✔

straighBorward	✔

MDH DEV IS Config
GEMM V100 10x500x64 NT=10,  TS=5, …

GEMM V100 * NT=16,  TS=8, …

GEMM * * NT=128, TS=4, …

… … … …

Generated	&	Extended	
via	Auto-Tuning	

(→	alterna;vely:	analy;cal	cost	model,	ML,	…	)

mlir-opt GEMM.mlir 
-MDH -V100 
-IS=10x500x64

Run:



1. MDH — Domain-Specific Language & Examples 

2. MDH in MLIR — The MDH High-Level Dialect 

3. MDH Code Generation & Optimization Approach 

4. MDH in MLIR — The MDH Low-Level Dialect 

5. Conclusion 

Agenda

11

High-Level  
Dialect

Low-Level  
Dialect

(rather briefly)



1. in_view  → prepares	(domain-specific)	input	data

2. md_hom   → uniformly	specifies	computations

3. out_view → prepares	(domain-specific)	output	data

The	MDH	representa;on	(DSL)	relies	on	three	higher-order	func;ons	(a.k.a.	pa#erns):	

multiply elements
in A and B

concatenate in  
dimensions i & j

sum in  
dimension k

2. md_hom( *, (++,++,+) ) 

indices for 
output matrix 

data 
accesses

output  
matrix 

3. out_view( C )( i,j )( C[i,j] ) 

Example:		MatMul	 → MatMul = out_view( … ) o md_hom( … ) o in_view( … )

MDH — Domain-Specific Language

→Close	to	MLIR’s	Linalg/Affine	Dialects	—	we	compare	soon! 12

1. in_view( A,B )( i,j,k )( A[i,k], B[k,j] ) 

input  
matrices indices for 

input matrices 

data accesses



Further examples: MLP, SVM, ECC, …, Mandelbrot, Parallel Reduction, …

Stencil Computations [1]
Conv_2D   = md_hom( *     , (++,++,+,+) ) o in_view(…) 
Jacobi_3D = md_hom( J_func, (++,++,++ ) ) o in_view(…)

Data Mining [2]
PRL = md_hom( weight, (++, Ⓧmax) ) o in_view(…)

Machine Learning [1]
TC = md_hom( *, (++,…,++ , +,…,+) ) o in_view(…)

MDH — Examples

Access neighboring elements 
within their input buffer

Has user-defined combine operator that 
operates on user-defined data type

Often very high dimensional  
(e.g., 7 dims)

Linear Algebra [1]
GEMM = md_hom( *, (++, ++, +) ) o in_view( A,B )( i,j,k )( A[i,k], B[k,j] ) 
GEMV = md_hom( *, (++,     +) ) o in_view( A,B )( i,  k )( A[i,k], B[k]   ) 
DOT  = md_hom( *, (        +) ) o in_view( A,B )(     k )( A[k]  , B[k]   )

Popular computations as MDHs:

13[1] Rasch, Schulze, Gorlatch. "Generating Portable High-Performance Code via Multi-Dimensional Homomorphisms.”, PACT’19 
[2] Rasch, Schulze, et al. “High-Performance Probabilistic Record Linkage via Multi-Dimensional Homomorphisms”, SAC’19



“Machine	Learning	Systems	are	Stuck	in	a	Rut”	[HotOS’19]:

conv2d-CapNT( … ) = 

MDH — Examples

14

MatMul

parallelization and caching are extremely important for
performance [5].
The analogous computation for convolutional Cap-

sules sums weighted “pose” matrices in 3⇥3 convolution
patches to form “votes”:

8n,x ,�, co :V n,co
x,� =

’
kx

’
k�

’
ci

Pn,ci
sx+kx ,s�+k�

·W ci ,co
kx ,k�

(2)

where · now denotes matrix multiplication andV , P , and
W are 4-dimensional arrays of 4⇥4 matrices, or equiva-
lently, 6-dimensional arrays of scalars.
The following sections explain why ML frameworks

make it hard to run the Capsule computation e�ciently.

2 Compiling kernels is hard
Convolutional Capsule primitives can be implemented
reasonably e�ciently on CPU (see Table 1) but problems
arise on accelerators (e.g., GPU and TPU). Performance
on accelerators matters because almost all current ma-
chine learning research, and most training of production
models, uses them. The marginal cost to perform a partic-
ular ML training or large-scale inference workload in a
given time is much lower using accelerators than CPUs.
Accelerators have been very successful for machine

learning workloads because the computationally expen-
sive part of training tasks is written as dense linear al-
gebra over multi-dimensional arrays. Dense linear al-
gebra is regular compared to workloads that CPUs are
designed for, and comparatively easy to parallelize. Con-
sequently people have built increasingly complex acceler-
ators designed for regular parallel computation. Example
accelerator features include “warps”, blocks, and grids of
threads, very wide vector arithmetic units (ALUs), and
systolic array multipliers (MXUs). As we explain next,
it is hard to get good accelerator performance even on
these regular computations. While frequently occurring
computations receive attention and are well optimized,
the performance of non-standard computations like con-
volutional Capsules su�ers.

2.1 Compiling for accelerators
A major reason that it’s hard to get good performance
from regular computations is that the compiler has to
consider the memory system of an accelerator as well
as the ALUs. In an attempt to prevent data bottlenecks,
accelerators’ parallel capabilities have become tightly
coupled with the memory system. For example [6]: peak
ALU performance on GPUs requires “coalesced loads”
where all 32 threads of a warp simultaneously access
di�erent values in the same cache line; implementations
must be tailored to the sizes and strides implied by the
organization of memory banks; and e�cient programs
must make use of all values loaded in a single memory
access which may have large granularity.

def conv_capsule(float(B, H, W, CI, MH, MW) poses,
float(CI, CO, KH, KW, MH, MW) weights)
-> (votes) {

votes(b, h, w, co, m, n) +=!
poses(b, h*2 + r_kh, w*2 + r_kw, r_ci, m, r_k) *
weights(r_ci, co, r_kh, r_kw, r_k, n) where r_k in 0:4

}

Figure 2. Tensor Comprehensions Capsules Code

In general accelerator codemust perform explicit sched-
uling through the memory hierarchy rather than relying
on transparent multi-level caches. Often memory access
granularities require threads to cooperatively load each
others’ values and then exchange them3; so that code also
contains complex instruction scheduling across loop iter-
ations. While matching memory accesses to the parallel
ALUs results in good hardware utilization, any mismatch
can lead to orders of magnitude of performance slow-
down [6]. Avoiding this slowdown requires tuning kernel
parameters for e.g., padding, strides, and dimension lay-
out, for each generation of each accelerator.
For “stencil computations” like convolution in which

input values are reused by overlapping computation win-
dows, scheduling loads and stores to optimize memory
bandwidth is very challenging and has given rise to so-
phisticated tools such as Halide [7]. The data-reuse pat-
tern in a convolutional capsule has several additional
dimensions of complexity.

2.2 The monolithic kernel approach
Because of the di�culty of tuning parameters analyt-
ically, and the combinatorial number of choices, high-
performance back ends for accelerators expend a lot of
development e�ort on a small set of computational “ker-
nels” (generally, isolated loop nests), such as 2D convo-
lution and batch matrix multiplication, that dominate
performance pro�les of benchmarks. For each of these
kernels the back end maintainers spend hours or days
searching for the best algorithm and parameter settings
for a small representative set of operand shapes4, and
then use heuristics or auto-tuning to select one of these
pre-tuned implementations at runtime.

2.3 Compiling custom kernels
It is surprisingly common for machine learning papers
to propose new primitives that cannot be computed ef-
�ciently with existing kernels. Compilers like Tensor
Comprehensions (TC) [8] and PlaidML [9] have been de-
veloped to allow end-users to write such custom kernels,
and both provide DSLs with concise syntax that resem-
bles the math5, e.g., compare the TC implementation of
a capsule primitive in Figure 2 with Equation 2.

3Via so-called “warp shu�es”.
4We use “shape” to mean the cardinality of an array’s dimensions.
5Based on Einstein Notation.

178

in_view( P,W )( n,x,y,c0 , kx,ky,ci, i,j,k )( P[ n,ci , s*x+kx,
                            s*y+ky, i,k ], W[ci,c0 , kx,ky, k,j] ) o 

md_hom( *, (++,++,++,++ , +,+,+, ++,++,+ ) ) o

out_view( V )( n,x,y,c0, i,j )( V[ n,c0,x,y, i,j ] ) 

Capsule  
Networks



Ques;ons:
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Existing MLIR Dialects vs. MDH

Is Linalg 
stronger than  

MDH? 
(MDH ≤ Linalg) 

Is MDH  
stronger than  

Linalg? 
(Linalg ≤ MDH)

Is Affine  
stronger than 

MDH? 
(Affine ≤ MDH) 

 
Is MDH  

stronger than  
Affine?  

(MDH ≤ Affine)

(“stronger”	in	terms	of	“informa5on	content”		→	defini5on	on	next	slide)

Linalg vs. MDH Affine vs. MDH



For	two	representa;on	R1	and	R2,	we	say	representa;on	R2	is:	

• stronger	than	R1	(R1	≤	R2)	iff	there	exist	transforma;ons	→1:R1→R2	and	→2:R2→R1	
such	that	for	all	r1	∈	R1,	it	holds:	r1 →1 r2 →2 r1’				⇒				r1		=		r1’;	

• strictly	stronger	than	R1	(R1	<	R2)	iff:	R1	≤	R2 and	R2	≰	R1.

16

Existing MLIR Dialects vs. MDH

Example:			C++ < OpenMP

1. C++ ≤ OpenMP: C++ →1 OpenMP →2 C++

iden<ty

2. OpenMP ≰ C++: OpenMP →1 C++ ↛2 OpenMP

removes		
pragmas

pragmas		
unrecoverable	⚠

removes		
pragmas



No,	Linalg	is	not	stronger	than	MDH	(please	correct	us	if	we	are	wrong):

Is Linalg Stronger than MDH (MDH ≤ Linalg) ?

17

MDH →1 Linalg ↛2 MDH Example:		MatMulLinalg	does	not	capture	all	informa<on		
required	to	recover	the	original	MDH	program	⚠

MatMul in Linalg

MatMul in MDH

MDH →1 Linalg:

#matmul_accesses = [ 
  (m, n, k) -> (m, k), 
  (m, n, k) -> (k, n), 
  (m, n, k) -> (m, n) 
] 
#matmul_trait = { 
 iterator_types = ["parallel",  
“parallel", "reduction"] 
} 
  
linalg.generic #matmul_trait 
  ins(%A, %B : …) outs(%C : …){ 
  ^bb0(…) : 
    %d = mulf %a, %b: f32 
    %e = addf %c, %d: f32 
    linalg.yield %e : f32 
}

1. in_view( A,B )( m,n,k )( A[m,k], B[k,n] ) 

2. md_hom( *, (++,++,+) ) 

3. out_view( C )( m,n )( C[ m,n ] ) 



No,	Linalg	is	not	stronger	than	MDH	(please	correct	us	if	we	are	wrong):

Is Linalg Stronger than MDH (MDH ≤ Linalg) ?
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Example:		MatMulLinalg	does	not	capture	all	informa<on		
required	to	recover	the	MDH	program	⚠

#matmul_trait = { 
 iterator_types = ["parallel",  
“parallel", "reduction"] 
} 
  
linalg.generic #matmul_trait 
  ins(%A, %B : …) outs(%C : …){ 
  ^bb0(…) : 
    %d = mulf %a, %b: f32 
    %e = addf %c, %d: f32 
    linalg.yield %e : f32 
}

MatMul in Linalg

Linalg ↛2 MDH:

MatMul in MDH

1. in_view( A,B )( m,n,k )( A[m,k], B[k,n] ) 

2. md_hom( *, (++,++,+) ) 

3. out_view( C )( m,n )( C[ m,n ] ) 

MatMul in MDH 
(generated from Linalg)

1. in_view( A,B )( m,n,k )( A[m,k], B[k,n] ) 

2. md_hom( (a,b,c)↦c+a*b, (++,++,?) ) 

3. out_view( C )( m,n )( C[ m,n ] ) 

cannot	recover		combine	operator	⚠

MDH →1 Linalg ↛2 MDH



Is Linalg Stronger than MDH (MDH ≤ Linalg) ?

Why not here? 
(better: parallelization, expressiveness, …) 

MatMul in Linalg
19

MatMul in MDH

#matmul_accesses = [ 
  (m, n, k) -> (m, k), 
  (m, n, k) -> (k, n), 
  (m, n, k) -> (m, n) 
] 
#matmul_trait = { 
  doc = "C(m, n) += A(m, k) * B(k, n)", 
  indexing_maps = #matmul_accesses, 
  library_call = "linalg_matmul", 
  iterator_types = ["parallel", "parallel", "reduction"] 
} 
  
linalg.generic #matmul_trait 
  ins(%A, %B : memref<?x?xf32, stride_specification>, 
               memref<?x?xf32, stride_specification>) 
  outs(%C : memref<?x?xf32, stride_specification>) 
  {other-optional-attributes} { 
  ^bb0(%a: f32, %b: f32, %c: f32) : 
    %d = mulf %a, %b: f32 
    %e = addf %c, %d: f32 
    linalg.yield %e : f32 
}

1. in_view( A, B )( m,n,k )( A[m,k], B[k,n] ) 

2. md_hom( *, (++,++,+) ) 

3. out_view( C )( m,n )( C[ m,n ] ) 

[1] Rasch, Schulze, Gorlatch. md_poly: A 
Performance-Portable Polyhedral Compiler Based on 
Multi-Dimensional Homomorphisms. IMPACT’20 
(WIP)

When	generated	from	Linalg:	have	to	
use	 “?”	 (a.k.a.	 “unknown	 combine	
operator”)	instead		of	“+”	[1]:		
md_hom(	(a,b,c)↦c+a*b,	(++,++,?)	)

(→	ques5ons	summarized	at	the	end	of	talk)

Ques;on:	why	does	Linalg	not	explicitly	capture	combine	operators?



“Modular	Divide-and-Conquer	Paralleliza;on	of	Nested	Loops	”	[PLDI’19]:

#parallel for reduce ⊕ 
for( … ) { 

  #parallel for reduce +vec     
  for( … ) {       
    vinner +vec= /* … */; 
  } 
  vouter ⊕= vinner; 
}

20

Maximum 
Bottom Box Sum  

(MBBS)

MBBS = md hom( id, ( �,+vec ) )

<latexit sha1_base64="18lzo16g4UuxLo6Ktm3ANnhRGF4="></latexit>

(a1, . . . , an) � (b1, . . . , bn) := ( a1, . . . , an, an + b1, . . . , an + bn )

(a1, . . . , am) + (b1, . . . , bm) := ( a1 + b1, . . . , am + bm )

<latexit sha1_base64="F1Bx3AiavuqZ13nJGOUN0W/p6BI="></latexit>

MBBS — MDH Implementation

→can	MBBS	be	efficiently	implemented	in	Linalg?

Is Linalg Stronger than MDH (MDH ≤ Linalg) ?



21MBBS - MLIR Linalg

Inner	for	loop	of	MBBS		
inherently	sequen6al/
opaque	in	Linalg?

MBBS = md hom( id, ( �,+vec ) )

<latexit sha1_base64="18lzo16g4UuxLo6Ktm3ANnhRGF4="></latexit>

MBBS - MDH Implementation

#parallel for reduce ⊕ 
for( … ) { 

  #parallel for reduce +vec     
  for( … ) {       
    vinner +vec= /* … */; 
  } 
  vouter ⊕= vinner; 
} Maximum 

Bottom Box Sum
(MBBS)

#accesses = [ … ] 

#trait = { 
 … 
 iterator_types = ["reduction"] 
} 
  
linalg.generic #trait 
  ins( … ) outs( … ) { … } { 
  #parallel for reduce +vec     
  for( … ) {       
    vinner +vec= /* … */; 
  } 
}

Is Linalg Stronger than MDH (MDH ≤ Linalg) ?
“Modular	Divide-and-Conquer	Paralleliza;on	of	Nested	Loops	”	[PLDI’19]:

Linalg	se
ems	

subop6m
al	for	

MBBS



π
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Is MDH Stronger than Linalg (Linalg ≤ MDH) ?
Yes,	MDH	is	stronger	than	Linalg	(please	correct	us	if	we	are	wrong):

#matmul_trait = { 
 iterator_types = ["parallel",  
“parallel", "reduction"] 
} 
  
linalg.generic #matmul_trait 
  ins(%A, %B : …) outs(%C : …){ 
  ^bb0(…) : 
    %d = mulf %a, %b: f32 
    %e = addf %c, %d: f32 
    linalg.yield %e : f32 
}

MatMul in Linalg

MatMul in MDH 
(generated from Linalg)

1. in_view( A,B )( m,n,k )( A[m,k], B[k,n] ) 

2. md_hom( (a,b,c)↦c+a*b, (++,++,?) ) 

3. out_view( C )( m,n )( C[ m,n ] ) 

Example:		MatMul

(examples from slides 17/18)



MDH	and	Affine	seem	equivalent	(please	correct	us	if	we	are	wrong):

23

MDH vs. Affine

func @conv_2d(%D : memref<100x100xf32>, %K : memref<3x3xf32>) -> (memref<98x98xf32>) { 
  %O = alloc memref<98x98xf32> 
  affine.parallel (%x, %y) = (0, 0) to (98, 98) { 
    %0 = affine.parallel (%kx, %ky) = (0, 0) to (2, 2) reduce ("addf") { 
      %1 = affine.load %D[%x + %kx, %y + %ky] : memref<100x100xf32> 
      %2 = affine.load %K[%kx, %ky] : memref<3x3xf32> 
      %3 = mulf %1, %2 : f32 
      affine.yield %3 : f32 
    } 
    affine.store %0, O[%x, %y] : memref<98x98xf32> 
  } 
  return %O 
}

MLIR Affine Dialect

Conv2D

In	contrast	to	Linalg,	Affine	seems	to	explicitly	capture	combine	operators.

Equivalent	in
	Representa6

on Conv_2D = … o md_hom( *, (++,++,+,+) ) o …

MDH implementation

Explicit	in		Representa<on



Is Linalg 
stronger than  

MDH? 
(MDH ≤ Linalg) 

Is MDH  
stronger than  

Linalg? 
(Linalg ≤ MDH)

Summary:

24

Existing MLIR Dialects vs. MDH

please	treat	wit
h	cau5on!

✔ ✔

✗ ✔
Is Affine  

stronger than 
MDH? 

(Affine ≤ MDH) 

 
Is MDH  

stronger than  
Affine?  

(MDH ≤ Affine)

Affine vs. MDHLinalg vs. MDH
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MDH in MLIR — The MDH High-Level Dialect

Example:	square	all	elements	in	a	tensor	and	sum	up	results

func @main() { 
  %tnsr = constant dense <[1.000000e+00, 2.000000e+00, 3.141500e+00]>  
    : tensor<3xf64> 
  %result = "mdh.hom"(%tnsr) {func = @pow2, op = @"+"} 
    : (tensor<3xf64>) -> f64  
  return 
} 

func @pow2(%arg0: f64) -> f64 {  
  %square = mulf %arg0, %arg0 : f64 
  return %square : f64  
} 

func @"+"(%arg0: f64, %arg1: f64) -> f64 { 
  %product = addf %arg0, %arg1 : f64  
  return %product : f64 
}

MDH High-Level Dialect

• Implemented	within	a	student	project	(thanks	to	Benedikt	Rips	&	Jan	Speer!)	
• First	steps	toward	a	high-level	dialect	in	MLIR	for	MDHs	
• Currently	many(!)	restric;ons:	one	combine	operator,	no	input/output	views,	…
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	MDH	
High-Level	
Dialect

MDH	
Low-Level	
Dialect

Machine	
Dialects …

md_hom( *, (++,++,+,+) )

Applica<ons

Dialects:

Level Requirements Example	(pseudocode)

Summary: MDH High-Level Dialect

…

…

…

… …

- Agnos;c	from	hardware	&	op;miza;on	details.		✓	
- Expressive	 enough	 to	 represent	 various	 kinds	 of	 data-parallel	

computa;ons.		✓	
- Should	capture	—	in	a	structured	manner	—	all	high-level	informa;on	

relevant	for	genera;ng	efficient	low-level	code.		✓



1. MDH — Domain-Specific Language & Examples 

2. MDH in MLIR — The MDH High-Level Dialect 

3. MDH Code Generation & Optimization Approach 

4. MDH in MLIR — The MDH Low-Level Dialect 

5. Conclusion 

Agenda

27

High-Level  
Dialect

Low-Level  
Dialect

✓

(rather briefly)
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	MDH	
High-Level	
Dialect

MDH	
Low-Level	
Dialect

Machine	
Dialects …

Applica<ons

Dialects:

Level Requirements Example	(pseudocode)

Reminder: MDH Low-Level Dialect

…

parallel_for<l=1,d=1>( … ) 
  parallel_for<…>( … ) 
  { /* … */ } 

_MEM_REGION<l=1> float a[ … ];

… …

… …

- Op;miza;ons	expressible	(paralleliza;on,	;ling,	memory,	etc).	

- Uniform	for	different	machine	dialect.	



C0 
M0

C1 
M1

C2 
M2

C3 
M3

C3 
M3

……

…

C2 
M2

C3 
M3

C3 
M3

……

…

…

C1 
M1

C2 
M2

C3 
M3

C3 
M3

……

…

C2 
M2

C3 
M3

C3 
M3

……

…

…

H
ie

ra
rc

hi
ca

l

Scalable

C0

C1

C2

C3

…

Core
Model

…
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M0

M1

M2

M3

…

Memory
Model

We use a uniform Abstract Machine Model (AMM) for MDHs:

MDH — Target Machine Model



GPU 
DM

SMX 
SM

WP 
RM

WP 
RM…

…

CC 
RM

CC 
RM… CC 

RM
CC 
RM…

SMX 
SM

WP 
RM

WP 
RM…

CC 
RM

CC 
RM… CC 

RM
CC 
RM…

DEV 
GM

CU
LM

PE
PM

PE 
PM…

CU
LM

PE 
PM 

PE 
PM …

…

L3 
CPU

L2  
C

L1 
SIMD

L2 
C

L1 
SIMD

…

…

Examples/Instances of our abstract machine model:

Multi-Device

…

…

…
…

Multi-Node

MDH — Target Machine Model
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MDH Implementation
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We rely on a uniform approach for generating auto-tunable low-level code for MDHs [1]:

[1] Rasch, Schulze, Gorlatch. "Generating Portable High-Performance Code via Multi-Dimensional Homomorphisms.”, PACT’19

All parameters are chosen as optimized for 
an arbitrary:

• MDH
• abstract machine model
• input/output characteristics

44 code generation via an algebraic approach

No. Name Range Description

1 NUM_THREADS<l,d> {1, . . . ,Nd} number of threads
2 TILE_SIZE<l,d> {1, . . . ,Nd} sizes of tiles

3 �mdh-co SL⇥D computation order

4 �
<l>
threads SD thread arrangement

5 MEM_INP<l,d,inp> {1, . . . ,L} memory regions for input
6 �

<l,inp>
inp-buff-do SD input buffer dimension order

7 MEM_OUT<l,d,out> {1, . . . ,L} memory regions for output
8 �

<l,out>
out-buff-do SD output buffer dimension order

Table 5: (TODO: Sigma-parameter mit l und(!) d annntotieren und als
range nicht mehr Sd sondern [1,D]) für tp 3 unten die combine
ops so aufschreiben: ~l

d
Performance-critical parameters of MDHs.

l 2 {1, . . . ,L},d 2 {1, . . . ,D}, inp?, out?

on each core layer of our abstract machine model (indicated by su-
perscript l 2 {1, . . . ,L} in tuning parameter’s name) and in all di-
mensions of the d-dimensional input (indicated by superscript d 2
{1, . . . ,D}). We decompose our MDH computations equally along threads
on each layer, because we assume an homogeneous target machine
(like CPU and GPU) which consist of multiple, identical cores on
the different layers. In Section TODO, we present work-in-progress
results toward heterogeneous machines, like multi-device and multi-
node systems which require decomposing computations unequally
along devices or nodes for high performance.

By flexibly choosing the number of threads, we efficiently exploit
the parallel layers of the particular target device [stone2010opencl].
For example, an OpenCL device consists in the first parallel layer
of Compute Units (CUs) and in the second layer of Processing El-
ements (PEs) – both numbers can differ significantly over different
devices, e.g., CPU and GPU. Consequently, the number of threads on
CU-layer (a.k.a work-groups in OpenCL) and on PE-layer (a.k.a work-
items) have to be chosen as optimized for the particular target device.

Proof. (TODO: Grafik zur veranschauling von beweis einfuegen)

[ October 25, 2020 at 15:09 – classicthesis version 4.2 ]

Auto-Tunable Parameters



//	1.	Core/Memory	Layer	
parallel_for( p<1,0> = 1,…,32 ) 
  parallel_for( p<1,1> = 1,…,32 ) 
    parallel_for( p<1,2> = 1,…,32 ) 

for<1>( t<1,0> = 1,…,8 ) 
  for<1>( t<1,1> = 1,…,8 ) 
    for<1>( t<1,2> = 1,…,8 ) 
      copy: A<0> -> A<1> 
      copy: B<0> -> B<1> 
       
      __MEM_REGION_0 RES_1[ … ][ … ]; 

//	2.	Core/Memory	Layer	
parallel_for( p<2,0> = 1,…,32 ) 
  parallel_for( p<2,1> = 1,…,32 ) 
    parallel_for( p<2,2> = 1,…,32 ) 

for<1>( t<2,0> = 1,…,8 ) 
  for<1>( t<2,1> = 1,…,8 ) 
    for<1>( t<2,2> = 1,…,8 ) 
      copy: A<1> -> A<2> 
      copy: B<1> -> B<2> 
       
      __MEM_REGION_1 RES_2[ … ][ … ]; 

		

Low-Level 
Dialect

2.	Core/Memory	Layer

pseu
doco

de
MatMul = … o md_hom( *, (++, ++, +) ) o … 

High-Level 
Dialect

Example: Matrix Multiplication — for 3-layered machine model (e.g. OpenCL)
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/* … */

MDH in MLIR — The MDH Low-Level Dialect

3.	Core/Memory	Layer

1.	Core/Memory	Layer



pseu
doco

de

/* … */
33

1.	Dimension

3.	Dimension	

2.	Dimension

π

Lowering: MDH High-Level Dialect → MDH Low-Level Dialect

MDH in MLIR — The MDH Low-Level Dialect

[1] Rasch, Schulze, Gorlatch. "Generating Portable High-Performance Code via 
Multi-Dimensional Homomorphisms.”, PACT’19

Described in [1]

MatMul = … o md_hom( *, (++, ++, +) ) o … 

High-Level 
Dialect

//	1.	Core/Memory	Layer	
parallel_for( p<1,0> = 1,…,32 ) 
  parallel_for( p<1,1> = 1,…,32 ) 
    parallel_for( p<1,2> = 1,…,32 ) 

for<1>( t<1,0> = 1,…,8 ) 
  for<1>( t<1,1> = 1,…,8 ) 
    for<1>( t<1,2> = 1,…,8 ) 
      copy: A<0> -> A<1> 
      copy: B<0> -> B<1> 
       
      __MEM_REGION_0 RES_1[ … ][ … ]; 

//	2.	Core/Memory	Layer	
parallel_for( p<2,0> = 1,…,32 ) 
  parallel_for( p<2,1> = 1,…,32 ) 
    parallel_for( p<2,2> = 1,…,32 ) 

for<1>( t<2,0> = 1,…,8 ) 
  for<1>( t<2,1> = 1,…,8 ) 
    for<1>( t<2,2> = 1,…,8 ) 
      copy: A<1> -> A<2> 
      copy: B<1> -> B<2> 
       
      __MEM_REGION_1 RES_2[ … ][ … ]; 

		

Low-Level 
Dialect
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MDH in MLIR — The MDH Low-Level Dialect

Low-Level 
Dialect

Machine  
Dialect

straightforward 
(per design)

pseudocode pseudocode

		//	1.	Core/Memory	Layer	
parallel_for( p<1,0> = 1,…,32 ) 
  parallel_for( p<1,1> = 1,…,32 ) 
    parallel_for( p<1,2> = 1,…,32 ) 

for<1>( t<1,0> = 1,…,8 ) 
  for<1>( t<1,1> = 1,…,8 ) 
    for<1>( t<1,2> = 1,…,8 ) 
      copy: A<0> -> A<1> 
      copy: B<0> -> B<1> 
       
      __MEM_REGION_0 RES_1[ … ][ … ];

		//	1.	Core/Memory	Layer	
p<1,0> = get_group_id( … ); 
p<1,1> = get_group_id( … ); 
p<1,2> = get_group_id( … ); 

for<1>( t<1,0> = 1,…,8 ) 
  for<1>( t<1,1> = 1,…,8 ) 
    for<1>( t<1,2> = 1,…,8 ) 
      copy_A_glb_to_lcl_(…); 
      copy_B_glb_to_lcl_(…); 
       
      __global RES_1[ … ][ … ];

Lowering: MDH Low-Level Dialect → MLIR Machine Dialects



Conclusion
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1. The MDH approach aims at combining the goals of performance, portability, 
and productivity for data-parallel computations targeting multi- and many-
core architectures; 

2. The MDH approach often achieves competitive/higher performance than well-
performing competitors (MKL, cuBLAS, etc); 

3. MLIR enables using MDH in a structured manner for different applications 
(e.g., TensorFlow) and systematically generating code for different 
programming models (OpenCL, CUDA, OpenMP, etc);

Our Questions:

1. Does Linalg explicitly capture combine operators? If not — why? 

2. What is the difference between Linalg and Affine regarding the level of 
abstraction from your point of view?

Your Questions?


